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Preface

This study examines the sensitivities of several circular error probabie (CEP)
estimation methods to varying levels of sample size, bias, correlation, and elliptic-
ity. It was recommended by both former and current ICBM accuracy analysts and
sponsored by the HQ SAC/XPSW directorate. The results of this study should be
useful to this office and to anyone interested in estimating CEPs from data which

follow a bivariate normal distribution.

I would like to acknowledge several pcople for their contributions to this the-
sis. Major Dave Berg sponsored this thesis and taught me most of my computer
programming skills. Major Paul Auclair patiently advised me in this endeavor, and
Major Andy Howell added numerous insightful contributions. I thank my parents
for starting me off on the right path in life, and my brother, Major Jim Puhek, for
introducing me to the great Air Force life. Most importantly, I thank Jesus Christ
for being my personal Savior, Lord, and Master, and I look forward to eternal life

with Him soon.

Peter Pulek
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Abstract

Several algebraic CEP estimation models were examined in this study. Each
assumes that the crossrange and downrange miss distances of the sample data follow
a bivariate normal distribution. The analysis determined the sensitivities of these
models to changes in the parameters of sample size, bias, correlation, and ellipticity.
The accuracy of each model is expressed in terms of relative error, and the parameter
regions in which a certain method dominated as the most accurate were noted. In
general, it was fouid that bias was the most significant parameter in determining the
best CEP micethod. A simple method, based on the Rayleigh distribution dominated
as the best when bias was 0, .23, .3, .73, or 1, and the Grubbs-Patnaik/chi-square
method dominated for the bias setting of 2 regardless of the settings of the other

yarameters. Levels of bias greater than 2 were not addressed. ('~
! & (\,\
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A SENSITIVITY ANALYSIS OF CIRCULAR ERROR
PROBABLE APPROXIMATION TECHNIQUES

1. Introduction

1.1 Backqround

The Strategic Air Command (SAC) conducts operational flight tests of its
mtercontinental ballistic missiles (ICBMs) to monitor and demonstrate their flight-
worthiness. Weapon system performance analysts use the data generated by these
tests in estimating the accuracy and reliability of Air Force ICBMs. During an ICBM
test, each re-eutry vehicle (RV) Lias a siimulated fuze point at a selected longitude,
latitude, and height of burst, whicli could be as low as zero in the case of a simulated
ground burst. The difference between the simulated and intended fuze points is
referred to as the miss distance. ICBM accuracy is a function of miss distance, and

this thesis focuses on those techniques used to estimate ICBM accuracy.

ICBM accuracy is generally given in terms of a circular error probable (CEP)
measure. CEP is the radius of a circle, centered on the mean or intended fuze point,
m which 50% of the RV's can be expected to arrive or in which a single RV has a 0.5
probability of arriving [8:1]. SAC has several CEP estimation techniques. The two
most accurate techniques require numerical integration and can take several hours to
run op a personal computer [2:1-2,4-6). Some of the other approximation techniques
arc much quicker. but according to previous research, they require sample sizes of

30 or more to accurately estimate CEP [2:1-2].

The precision of a CEP estimation technique is expressed in terms of relative

error (RE). which is defined as the percentage difference between a CEP estimate
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given by a quick method and that given by the eract method for the same test
scores. The exact method is a numerical integration technique which uses infinite
series expansion, and it will be discussed in detail in Chapter 3. Thus, the ezact
method is the benchmark for comparing the precision of the other CEP estimation

techniques. Equation (1.1) expresses relative error in mathematical terms [14:9].

CEPappro: - CEPeIacl
CEPcIuct (11)

RE =

In 1986. an Air Force Institute of Technology (AFIT) thesis entitled An Fz-
amination of Circular Error Probuble Approrimation Techniques reported that an
30286-class personal computer couid generate CEP estimates using the quick meth-
ods in about two seconds or less [2:4-2,4-4,4-5]. The important conclusion of the
thesis is that the quick methods have less than three percent RE for sample sizes
of 40 or more and are substantially faster than the numerical integration methods
of estimating CEPs. Because these quick methods give approximately the same re-
sults as the time-consuming numerical integration methods at a fraction of the time,
they are often preferred for operational analyses. The disadvantage of the quicker
approximation techniques is that their accuracy under a number of conditions is not
documented. \ariations in the characteristics of the data such as bias, ellipticity,
correlation, and sample size could potentially induce unacceptably high REs in the
CLEP estimates. For valid applications, the precision of the quick methods under

varving data characteristics must be assessed.

The current and projected limits placed on SAC’s ICBM flight test program
mctivated this research. Fiscal and political constraints indicate that the ICBM
flight test rate may be reduced to as few as three test firings per year for each
system [1]. As a result, it may be virtually impossible to attain the sample sizes

assunied in previous research efforts. SAC is interested in determining how well the
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quick methods estimate the true CEP of an ICBM, given only three to fifteen flight

tests and data with varying degrees of bias, correlation, and ellipticity [1].

1.2 Objective

The objective of this study is to determine the RE of the various quick CEP

estimation methods under a number of combinations of sample size, bias, ellipticity,

and correlation.

1.3 Resecarch Plan

f

1.3.1 Background. The CEP estimation methods which apply te this study
are introctuced in Chapter 2. Several different categorie: of methods are discussed
aleng with their specific models. The previsus work applicable to this study and

the extensions to the previous work made by this study are presented at the end of

Chapter 2.

1.3.2 Lrperiment. Chapter 3 describes the purpose, design, and conduct of
the experiment. The crux of the experiment entailed coding the CEP estimation
methods into computer programs, executing these programs over a wide variety of
data conditions, and observing the resulting CEP estimates. Every aspect relating
to the conduct of the experiment is discussed in detail; the results of the experiment

and corresponding analysis are addressed in subsequent chapters.

1.3.3  Analysis and Kesults. The analysis and discussion of the results of the
experiment are given in Chapter 4. The CEP estimation methods are analyzed in
terims of their relative errors. Statistics are presented to facilitate an individual and
comparative assessment of the relative errors for each method. Figures are used
to complement and verify the statistical results and to visualize the accuracies and

parameter sensitivities of each CEP estimation method. The chapter closes with a
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discussion of each method’s ability to accurately estimate CEPs and of any problems

encountered implementing the methods.

1.3.4 Cenclusions and Recommendations. Chapter 5 summarizes the impor-
tant findings and conclusions of the experiment. Recommendations on how to best

use and possibly extend the findings of this research close both the chapter and the

study.

1-4




II. Literature Search

2.1 Introduction

The following paragraphs summarize the literature pertinent to this study.
Specifically, the discussion covers the topics of the relevant ICBM CEP estimation
methods, the previous work done in researching these methods, and the extension

to the previous work that this present study will attempt to accomplish.

S
(8

Discussion

2.2.1 CEP Methods. There are numerous ICBM CEP estimation methods.

The available methods of CEP estimation fall into one of the following
categories: 1) nonparametric rnethods; 2) closed-form integration of the
bivariate normal density function: 3) numerical integration of the bivari-
ate normal distribution function; 4) Monte Carlo sampling techniques;
5) algebraic approximation of CEP. [14:2]

The pertinent CEP methods will be discussed in the context of these five categories.

2.2.1.1 Nonparametric Mcihods.

The term nonparametric statistica has no standard definition that is
agreed upon by all statisticians. However, most would agree that non-
parametric statistical methods work well under fairly general assumptions
about the nature of any probability distributions or parameters that are
involved in an inferential problem. As a working definition we will define
parametric methods as those that apply to problems where the distribu-
tion from which the sample is taken is specified except for the values of a
finite number of parameters. Nonparametric methods apply in all other
instances. [9:672]
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One nonparametric CEP method is of interest. This method involves the radial

miss distances, which are calculated as

ri = \/D? + C? (2.1)

where
r; = radial miss distance of the i** observation
D, = downrange miss distance of the i** observation

C; = crossrange miss distance of the :** observation [14:2)

The median can be determined quickly in terms of order statistics. If the number of

samples is odd. the median is the T order statistic of the radial miss distances.
2

If the number of samples is even, the median is calculated as %(r[%] + rj:42)) by using

the two central order statistics of the r;.

For large sample size(s,] the sample median of {r;} is a good estimate of
the population median and, hence, CEP. In flight test analysis, however,
Jarge sample sizes occur infrequently. The nonparametric approach is,
therefore, usually unsuitable. [14:2]

The following CEP estimation method is a parametric method, but it will be dis-
cussed here because it also uses the radial miss distance. It results fromn integrating
the Rayleigh distribution from its center to the radial distance that includes 50 per-
cent of its density, as outlined in a 1983 Air Command and Staff College (ACSC)
report [3:10-11]. It will be referred to as the “CEP3” method since it is listed as
the third CEP estimation method in the ACSC report. Equation (2.2) shows the

simplicity of this method.

CEP = .9394(4;;‘3) (

1
2
N

“To use this CEP estimator, one needs only to estimate the mean radial error” [3:11].

The r; in equation (2.2) is calculated using equation (2.1).
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2.2.1.2 Closed-form Integration of the Bivariate Normal Density Func-
tion. The CEP is found by doubly integrating the density function with respect to
crossrange and downrange miss distance variables and by finding the CEP value that -

is the solution to equation (2.3):

// f(z,y)dzdy = 0.5 (2.3)

Cecep

where
Ceep = a circle centered at the target with radius CEP
f(x,y) = the bivariate normal density function
r = the crossrange miss distance

y = the downrange miss distance [2:1-1]

The joint probability density function is given as

flz.y) = 27-'0x0,,\1ﬂ- - lezp(~Q)] 24
where
= 2(1 —1 pgy){[m ;Iu,]z - ’Z/er[(x — #;3((73 - /‘y)] 4 [y ;y/ty]:)}
and

a 1s normally distributed with mean, y,, and variance, o

T Ho

y 1s normally distributed with mean, y,, and variance, o

pry = correlation of r and y such that
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In general, a closed-form integration for the bivariate normal distribution
does not exist. Given certain restrictions, such as uncorrelated samples
with zero mean, and equal downrange and crossrange standard devia-
tions, a closed-form solution can be deterinined. Similar, simple solu-
tions exist for less restrictive cases, however, uncorrelated samples with
zero mean and equal down and crossrange standard deviations are rarely
found in flight test analysis. Hence, the closed-form integration approach
is usually suitable only for initial CEP estimates. [14:2-3]

Previous work which analyzed this function showed that for the ideal conditions of
no bias, ellipticity, or correlation, CEP = 1.177d0 [3:7-8]. This result of stating
CEP as a function of ¢ is mentioned later in the discussion of the development of

the RAND-234 tables and in the design of the experiment in Chapter 3.

2.2.1.83 Numerical Integration. 1CBMs entered the Air Force weapons
inventory in the early 1960s. During the early history of ICBMs, analysts did not
have easy access to computers. Before the computer proliferation of the 1970s,
numericaily integrating the bivariate normal density function as a means to estimate
CEP involved using one of a number of table look-up techniques. Three of the

techniques will be discussed in the foliowing paragraphs.

In 1960. H. Leon Harter published look-up tables to aid in estimating CEP. He
converted the rectangular coordinate system variables of crossrange and downrange
to the polar coordinate system variables of radius and offset angle. He integrated
with respect to the radius variable, leaving an expression that included a single
integral with respect to the offset angle. Instead of making the second integration,
he provided two sets of tables which vield the CEP based on the ellipticity of the
data. Both tables use the three variables of radius, ellipticity, and probability. Since,
by definition, the probability of the radius equalling the CEP is 0.5, the CEP can be
found by either table with knowledge of only the ellipticity [6:725-728]. This method

allows for ellipticity. but not for bias or correlation.




In 1949, H. H. Germond of RAND published a study which doubly integrated
the bivariate normal distribution. His method allows for both ellipticity and bias.
However, the double integration resulted in four unknown variables—the downrange
and crossrange coordinates of the center of the ellipse and the lengths of its semi-
major and semi-minor axes. He set up tables to display the results of the numerical
integration based on the four variables. As exhaustive tables listing all possible
combinations of the four variables would be too voluminous, he developed worksheets
to allow the user to make hand calculations at the required variable settings [4:1-
13]. This method goes one step beyond Harter’s in that it allows for bias as well as

correlation.

In 1952. the RAND Corporation published CEP tables based on the results
of the numerical integration of an offset bivariate normal density function [10:1-17).
These tables specifically account for aim points which are offset, or not coincident,
with the center of a target. Use of these tables requires three varables. The first
variable is bias, which is the distance of the target from the aimpoint or weapon
arrival point. The second variable is the standard deviation of the weapon’s arrival
distribution. The standard deviation is calculated by dividing the CEP centered on
the mean point of impact by 1.1774. The third variable is the radius of the intended
target. Given these three variables, the associated probability can be found or in-
terpolated from the tables. These tables are very important because a later method
uses a cubic polynomial model to fit the data in the tables with their corresponding
CEPs. This later method is the modified RAND-234 method, and it will be discussed

later in the algebraic approximation section.

These first three numerical integration techniques are examples of the state-
of-the-art for CEP estimations during the early ICBM era. However, with the pro-

liferation of computers in the 1970’s and beyond, the capability to more accurately

estimate CEPs became available at the analyst level. Two methods were developed




to exploit the use of computers and eliminate the need for tables: the Correlated

Bivariate Normal (CBN) method and the infinite series expansion method.

In 1974, L. S. Simkins of John Hopkins University published an article entitled
“Calculation of Circle of Equiprobability for a Biased, Correlated, Bivariate, Normal
Distribution” [13:1]. Simkins used the capability of computers to exploit an earlier
work done by DiDonato and Jarnagin, which reduced the double integration of the

general bivariate normal distribution to a large algebraic expression with many terms.

...this procedure ...requires not that we calcilate the probability, P,
associated with a given [CEP], but that we find the (CEP) for which P =
.50. An iterative procedure mentioned previously has been validated and
usually converges after five to ten iterations (depending on the accuracy
required, and upon the first estimate of [CEP]) [13:6].

The CBN method has three strong points and one weak point. First, the use of
a computer eliminates the tedium of using tables. Second, the CBN n.ethod is
generally more accurate than any of the methods that require the use of tables.
It attaius its level of precision by continuing to iterate until the proportion of the
distribution contained withia a circle of radius CEP does not differ from 0.5 by
morc then a user specified error limit. With specified error limits typically a small
fraction of one percent, the CEP given by the CBN method is at least as accurate
as the table interpolation methods. The third strong point of the CBN method is
thiat it can handle bias, ellipticity, and correlation. Its one weak point is that it
can take a considerable amount of computer time to calculate a CEP, depending
upon the numbcer of intervals the integral is broken into. Previous work using an
802806-class personal computer showed that the CBN algorithm required 10 minutes
for 40 intervals, 1 hour for 100 intervals, and 16 hours for 400 intervals [3:4-6]. “The
more intervals the integral is broken into, the more accurate the approximation. At

times the CBN cakes longer than the eract method to give a CEP” {3:4-5). This
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assertion will be discussed further after presentation of the next and final numerical

integration technique.

In 1984, C. C. Smith of the TRW Corporation presented a second numerical
integration technique in her paper, “CEP Calculation Using Infinite Series” [15:1-7].
This technique became known as the eract method because “... it is the benchmark
against which all the other approximation techniques were measured” [3:4-6]). The
infinite series method requires an initial CEP estimate and then iterates the proce-
durc until a CEP is found which gives a probability of 0.5 to within the user specified
crror limit. The infinite series expansion yields a CEP that is more accurate than the
(BN method. but it generally takes more computer time [2:2-2]). Since the infinite
series method is more accurate than the CBN method, the CBN method will not be
discussed beyond this chapter. The infinite series method will be discussed in detail

in Chapter 3.

Modern computers achieve greater accuracy than the table look-up techniques,
but the CBN and infinite series methods are computationally intensive and require

a great deal of computer processing time on a personal computer.

While numerical integration methods provide good estimates of CEP,
and can be used to evaluate the accuracy of the other CEP approxima-
tion methods, they require considerable computer time, and are usually
impractical in flight test analysis. {14:3]

Later in this chapter, a few algebraic CEP approximation methods will be discussed.
They are very fast compared to the CBN and the infinite series methods [2:4-2,4-4,4-
5. Theinfinite series method will be used as the standard or benchmark to compare
how well these algebraic methods estimate CEP, and hence. will be referred to as

the exract method for the remainder of this study.

2.2.1.] Algebraic Approzimation of CEP. There are three noteworthy

algebraic CEP estimation methods. These methods are called quick CEP estimation
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methods because they produce estimates in about two seconds or less on an 80286-

class personal computer [2:4-2,4-4,4-5]. “They are fast, accurate and require few

assumptions” [14:4].

The first method is the modified RAND-234 method.

It is a mathematical expression for circular error probable that approxi-
mates the tabular R-234 probabilities mentioned earlier in this chapter.
A least-squares fit to a third order polynomial was used to derive the

CEP formula. [16:2]

The modified RAND-234 method will be discussed in detail in Chapter 3.

The second and third quick CEP estimation methods are similar. Both were
originally presented in 1964 by Frank E. Grubbs in an article entitled “Approximate
Circular and Noncircular Offset Probabilities of Hitting” [5:1]. His methods are

designed to incorporate the following guidance:

For equal or unequal delivery errors and an offset point of aim, the chance
that the burst point of a warhead occurs within a given distance of a
selected point of the target is approximated by reference to weighted
noncentral chi-square distributions. {5:1]

The two methods proposed by Grubbs are the Grubbs-Patnaik/chi-square method
and the Grubbs-Patnaik/\Wilson-Hilferty method. The two methods are similar in
algebra and, therefore, give similar results. However, the Grubbs-Patnaik/chi-square
method uses an inverse chi-square function based on the fact that the bias is a sum
of noncentral chi-square randon: variables {2:3-2]. The incorporation of the inverse
chi-square function into the Grubbs-Patnaik/chi-square method makes it generally
more accurate than the Grubbs-Patnaik/Wilson-Hilferty method [2:4-8]. Since the
Grubbs-Patnaik/chi-square method is usually the more accurate of the two Grubbs

methods. only the Grubhs-Patnaik/chi-square method will be tested in Chapter 3.
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2.2.1.5 Monte Carlo Sampling Methods. Another category of CEP es-

timation techniques includes the Monte Carlo sampling methods.

Monte Carlo sampling methods of CEP determination are used to cal-
culate the probability of impact given a circle of known radius. As in
the case of numerical integration, Monte Carlo methods require an it-
erative scheme of estimation and considerable computer time, rendering
them impractical in flight test analysis, but a good measure in evaluating
other CEP approximation methods [14:3].

None of the CEP approximation methods use Monte Carlo sampling methods, so

there will be no further discussion of this topic.

2.2.2 Previous Work. The present project is an extension of three previous

studies that analyzed several CEP calculation methods. The following discussion
summarizes these studies, noting their objectives and contributions to the analysis

of the CEP estimation methods.

In 1982, C. C. Smith of the TRW Corporation submitted a study entitled
“Nlethods of CEP Calculation™ to the Air Force [14:1]. It classified ICBM CEP
calculation methods into a number of categories and described several methods in
detail (14:1-9). The paper included the results of comparing the three quick meth-
ods with cach other while varying the parameters of bias, ellipticity, or correlation
(14:11-13). The underlying assumption of the analysis is a known bivariate nor-
mal density function. The strong point of the study is the graphical section which
clearly presents the effects of varving one of the parameters while holding the other
two constant. There are two weak points to the study. First, the effects of varying
two or all three parameters simultaneously are not included in the analysis because
it examined changes in only one parameter at a time. The second weakness was that
the experiments did not consider sample size. With small sample sizes and vary-
ing data conditions commonplace in operational testing, further research to address

these matters is warranted.
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In 1986, Captain Rich Elder of the Air Force Institute of Technology (AFIT)

expanded on Smith's study. His thesis answered the following question:

Given non-correlated sample impacts, how do common CEP approx-
imation techniques (Grubbs-Patnaik/chi-square, Modified RAND-234, :
Grubbs-Patnaik /Wilson-Hilferty, or CBN) compare in accuracy and com- ]
putational effort (measured by computer time) to the exact method (nu-

merical integration) over the possible range of the parameters bias and
ellipticity? [2:1-5]

There are three main differences between the two studies. Smith's study did not con-
sider sample size, while Elder set the sample size at 40 and 400. The second difference
was the emphasis Elder placed on personal computer processing time. Smith’s study
contains no information regarding computer processing time for any method. Third,
the two studies present the results differently. The graphic presentation in Smith’s
study is easily understood. Elder listed his results in tables, which are more difficult

to interpret. Concerning the objective of his thesis, Elder concluded:

In general it was found that cach of the approximation techniques is best

in some regime of the paramecter space with the Grubbs-Patnaik/chi- }
square technique being the most reliable estimator. For fast calculations
of CEP, the correiated bivariate normial and the exract method may not
be feasible because both are computationally rigorous and require fromn
2 minutes to several hours of computer time {on a personal computer) to
give an estimate of CEP. [2:viii)

Elder addresses two important points in his thesis. First, Elder presented valu-
able information in comparing the CLP methods with respect to personal computer
processing time [2:4-2 4-4,4-3). Second, his explicit discussion of saraple size revealed
that the ¢2'c - actheds performed very well with sample sizes of 40 and 100 {2:2-5].
However, i .o~ «id not address the effects upon the predictive accuracy of the quick

CEP mielo . caused by simultaneously varying the parameters of sample size, bias,




ellipticity, and correlation. This important issue still needs to be analyzed by further

research.

Thie third study addresses the issue of small sample sizes, but it is substantially
different in purpose than the first two studies. In 1983, Major Ronald A. Ethridge
wrote an Air Command and Staff College report entitled “Robust Estimation of
Circular Error Probable for Small Sample Sizes” [3]. The paper developed and
tested a robust estimation procedure for estimating CEP given small samples of miss-
distance data [3:2]. A key advantage of robust estimation procedures is their relative
insensitivity to underlying assumptions [3:211. “[A] robust estimator attempts to use
more of the information contained in the sample data than nonparametric estimators,
while avoiding the assumption problems of parametric estimators by using a broad
family of underlying distributions”[3:ix]. To show that his proposed estimator is

robust, Ethridge uses the estimator property called efficiency.

Given two unbiased cstimmators, 8, and 0,, of a parameter 0, with vari-
ances V(0)) and V(8,). respectively, the efficiency of 0, relative to 0; 1s
defined to be the ratio

-
—_
>

efficiency = Vo)

V'(0,)

If \'((—l.,) < \"((3,). the 8, is a better unbiased estimator than OAI‘ [9:390)

Ethridge used the property of efficiency as the measure-of-effectiveness in Ins
tests. His paper begins by listing nine other CEP methods. Eight of these methods
are parametric [3:5-18), and one of these methods is nonparametric [3:18-19]. The
next portion of his report develops his proposed robust CEP estimator [3:21-28].
After presenting the nine CEP methods and his proposed robust CEP estimator,
Ethridge discusses the experiment he used to analyze the efficiencies of the 10 CEP

estimators listed in his report.

The test was a Monte Carlo study with the following elements:
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1) Sample sizes of 5, 7, 9, 11, 13, 15,17, 19, and 21

2) 2000 replications for each sample size

wo

) He = Hy = 0
4) Ellipticity values of .2, 4, .6, .8, 1.0
5) Correlation values of .4, .5, .6, .7 [3:29-35).

Ethridge concludes his report by stating:

No single estimation technique was judged “best”™ for all sample sizes and
underlyving distributions. Statistical tests of the underlying assumptions
should be used to choose the most efficient estimator for the sample. For
the “small deviations™ tested in this study, the proposed estimator did
prove to he robust. The maximuni regret (loss in efficiency from best esti-
inator) fcr the robust estimator was less than five percent. The estimator
was also always more efficient than the sample median as an estimator
of CEP. Since these two estimators were the only estimators considered
in this study which are not based on a normal underlying distribution,
the real savings from the robust estimator may come when the assump-
tion of normality is violated. Little efficiency is lost when normality is
present and much is gained if normality is violated. Therefore, the ef-
ficiency of this robust estimator should be tested for large deviations in
the underlying assumptions. [3:x]

In his report, Ethridge emphasized the efficiency of CEP estimators. No at-
tempt was made to show how well the CEP methods actually estimate CEP. A

logical extension of Ethridge’s report would be to assess the accuracy of Ethridge’s

new C'EP estimator.

2.2.3 Evtensions. Despite the contributions of Smith, Elder, and Ethridge, at
least threc issues remain unresolved, The first relates to how various combinations of

bias, elliptic ty, and correlation affect the accuracy of the CEP estimation methods.

The second unresolved issue concerns the effects of small sample sizes upon the

accuracy of the quick CEP estimation methods. Smith did not address sample size.
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and the smallest sample size Elder used was 40. Although Ethridge studied sample
sizes as ¢mall as 5, his emphasis was on efficiency, not on the ability of a method to

estimate CEP. This study will use the following five small sample sizes: 3, 5, 7, 10,
and 15.

The third issue is the determination of the accuracy of Ethridge’s new esti-
mator. This study will analyze and document the accuracy results of the Ethridge
estiniator. These extensions of the previous studies should provide the information

necessary to determine which CEP estimation method should be used during some

specific test or study.

2.3 Summary

This chapter summarized the literature pertinent to this study. The chapter
began with a brief overview of the general categories of ICBM CEP estimation meth-
ods. Each of the general categories was discussed in detail, and several important
CEP estimation methods were introduced. The next section of the chapter high-
lighted the previous research done to analyze the effects of independently varving
sample size. bias. correlation. and eilipticity on the predictive accuracy of the quick

CEP estimation methods. The chapter concluded with a discussion of the extensions

of the previous research attempted in this study.




III. The Ezperiment

3.1  Purpose

The purpose of the experiment was to determine the accuracy and sensitivity of
several ICBM CEP estimation methods, assuming that the underlying distribution
of the accuracy data is bivariate normal. Since the important parameters of an
empirical bivariate normal distribution are bias, ellipticity, and correlation, these
parameters were set to several representative values that could possibly be observed

mn actual ICBM accuracy tests.

The intent of this study was not to find a specific optimal range of the pa-
rameters, as they are not under the control of the analyst. However, the results of
this study should enable the analyst to determine which CEP estimation method
would be most appropriate for a given set of parameter values. Appropriateness in
this sense implies that the selected CEP estimation method has the least amount of

relative error in the given parameter region.

3.2 The Mathematical Models

The experiment included the following five CEP estimation methods:

1) Infinite series expansion
2) Grubbs-Patnaik/chi-square
3) Modified RAND-234
4) Ethridge Estimator
)

5) CEP3

The mathematical models for each of these methods are given in this section. and
the computer code implementing them is in Appendix B. Before presenting these

models, some preliminary definitions common to all the models are given.
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3.2.1  Preliminary Definitions. The coordinate system used to measure errors

is the (x.y)-axis system centered on the aim point.

X = crossrange error axis
(positive to the right of the aimpoint,
negative to the left of the aim point)
v = downrange error axis
(positive beyond the aim point,
negative short of the aim point)

I = crossrange sample mean, equation (3.1)

<
]

downrange sample mean, equation (3.2)

n = sample size

= m® (3.1)
n

j=Zmb (3.2)
n

5; = sample standard deviation of crossrange errors. equation (3.3)

S, = sample standard deviation of downrange errors. equation (3.4)

Liz (T, —7)?

Sp = ¥
n-—1 (33)
Lo (yi—7)?
5y = n-—=1 (3.4)
bias (b) = /32 + g (3.5)
e S;
ellipticity (¢) = — (3.6)
Sy
n . ( l —
correlation (p) = =1z Dy — ) (3.7)
\/[er';l (zi = )i (vi = 9]
radial miss distance (r;) = /22 + y? (3.8)
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3.2.2 Infinite Series Expansion. This is the method referred to as the eract
method. The method is defined in equation (3.9) and further explained in equations
(3.10) to (3.12).

_R & (k+ DG +1)!
N -Dkz%;_% Tk T+ 1) (39)

where
P(R) = Probability of a circle of radius, R,
including a specified percentage of the scores.

In this case P(R) = 0.5 so that R = CEP.

D= g5, “(é?g + %)] (3.10)
*E (21)1)( (;;)i <—§§2)l (3.11)
() —RNI Z 3 _on?\
BEGH 1])!(]'!)2(853) ,.Z:;(j _zj-)g(zz-)!( Séj ) (3.12)

For a more detailed discussion of this method, refer to Smith’s article {15:1-16].

3.2.3 Grubbs-Patnaik/Chi-square. The CEP estimation method is defined in

equation (3.13). Further definition of terms are given in equations (3.14) to (3.17).

kv

CEP = (3.13)
‘7m
wliere
=(S2+S2+2+3°) (3.14)
v =2(S1 4 2525287 + S1) + 4(2*S? + 22§ S: S, + §7S2) (3.15)
k= y"1(0.5) (3.16)

2

df = 2




The x~(0.5) in equation (3.16) is the inverse of the chi-square density function with
2m? /v degrees of freedom at the cumulative probability setting of 0.5 [2:3-3]. For a

more detailed description of this method, refer to Elder’s thesis [2:3-2,3-3].

3.2.4 Modified RAND-234. This CEP estimation method is defined in equa-
tion (3.18). The terms are further defined from equation (3.19) to (3.22).

CEP = CEPyp1(1.0039 — 0.0528v + 0.478v% — 0.6793v°) (3.18)

where

CE Pyp; = CEP centered on the mean point of impact

CEPyp; =0.61455 +0.563S; (319)

Ss = smaller of the two standard deviations

Sp = larger of the two standard deviations

S2+ 52— /(52— 52)2 + 4?5257

Ss = \ 5 (3.20)
524524 ,/(52 - 52)2 4+ 4p25252
SL = \ y \/ P y v (321)
bias
P = .22
’ CEPyp; (3:22)

For a more detailed description of this method, refer to Elder's thesis [2:3-4,3-5).

3.2.5 CEP3. This simple CEP estimation method is defined in equation
(3.23).
CEP = 9394 (—=‘f-) (3.23)

n

For a more detailed description of this method, refer to Ethridge’s ACSC report
{3:10-11].
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3.2.6 Ethridge Estimator. This CEP estimator is defined in equation {3.24).
Further details of the terms are found in equations (3.25) to (3.30).

CEP = ¢ (3.24)
where
[1 = Z wyt; (325)
=1
1
w = —= (3.26)

Tiea(3)
(.03)(ks = 3)3(t; — t)?

d, = maz[l - 3 ,0.01) (3.27)
ks = sample Kurtosis
n )4

by = — §'=‘(t‘ J (3.28)

(L (ti = 1)3) :
o Limh (3.29)

n

i, =In(r) (3.30)

t, = natural logarithm of the i*" radial error
t = sample median
2

s* = sample variance of the natural logarithms of radial errors

For a more detailed description of this method, refer to Ethridge’'s ACSC report
(3.:23-27].
3.3 Parameters

The assumption of this thesis is that the underlying distribution of ICBM test

data is the bivariate normal density function. The parameters that describe the
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location and shape of this function are bias, ellipticity, and correlation. A density
plot of ideal test data would look like a circle centered on the origin of the (x,y)-
axis system. If the test data are biased, the density plot would be centered at a
position on the (x,y)-axis system other than the origin. The further the density plot
is from the origin, the greater the bias. The other two parameters, ellipticity and
correlation, describe the shape of the density plot. Even though a circle is a cpecial
case of an ellipse with equal major and minor axes, the density plot will be considered
elliptical in this study when its shape is oval. If the density plot is elliptical and the
major and minor axes do not coincide with the x-axis or the v-axis, the downrange
and crossrange scores which make up the density plot are correlated. A density plot
which is biased, elliptical, and correlated can be thought of as an ellipse whose mmajor
and minor axes do not coincide with the x-axis or the y-axis and whose center is not

at the origin.

The true values of bias, ellipticity, and correlation can be estimated accurately
for large sample sizes. However, in the case of sample sizes of 15 or less, accurately
estimating the values of bias, ellipticity, and correlation is nearly impossible. Thus,
CEP estimation requires methods that are not sensitive to moderate deviations from

the ideal condition of unbiased, circular 2 ~curacy distributions.

This experiment determined the relative errors of the CEP estimation methods
for a variety of departures from the ideal case. The parameters of sample size. bias,
ellipticity, and correlation were set to several different levels to produce 875 design

points. The specific parameter settings are listed in the next section.

3.4 Test Design Points

There are a total of 875 test design points. Each point represents a unique
combination of the values of sample size, bias, ellipticity, and correlation. In distri-
butional terms. each point represents a unique density plot with respect to shape,

location. and orientation. The values of the different parameters are listed in Ta-
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ble 3.1. Each of the 875 test design points is made of a unique combination of the

values listed in Table 3.1.

Table 3.1. Parameter Values for Experiment

Sample sizes | 3, 95, 7, 10, 15
Bias | 0, .25, .5, .75, 1, 1.5, 2

Ellipticity | .2, .4, .6, .8, 1

Correlation | 0 7,.85,1

) -4,

3.5 Data

I order to analyze the accuracy of the CEP estimation methods, sample data
for each of the S75 design points was generated. Each of the methods produced CEP
estimates from this data, with the exact method being the standard for determining
the accuracy of the other four methods. The measure of accuracy used in this
study is relative error (RE) as calculated in equation (1.1). The remainder of this
chapter discusses the process of generating sample data, the procedures taken to

verify sample data, and the methods used to calculate and record the REs.

3.5.1 Generation of Sample Data. The process of generating sample data
required two steps. First, a random number generator was used to produce 10,000
sample (x,y)-scores based on an ideal bivariate normal density function. The ran-
dom number generator was part of the SLAM II simulation language developed by
Pritsker & Associates {11:vii]. The parameter settings of the random number gene-
ator were a mean of zero and a standard deviation of one. The 10.000 sample scores
were put into a data file and formed the basis for generating the scores for the 8§75
design points. The second step of the data-generating process involved transforming
the scores in the file to reflect the different data characteristics of the 875 design
points. A computer program written in the C programming language performed

the data transformation. All of the C programs in this study were developed on
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the author’s CompuAdd 386-SX personal computer using the Borland International

C++ compiler.

The C program that performed the second step in the above process was part
of a series of C programs linked together in a batch file. This series of C programs
" not only performed the second step of transforming the scores for the 875 test design
points, but it also proceeded to calculate the CEP estimates for each of the methods.
The C programs in the batch file serially performed the following three steps for each

of the 875 design points:

Step 12 Generate 10,000 (x,v)-scores from an ideal
bivariate normal density function.

Step 2 Transform scores to reflect the data characteristics
of the 875 test design points.

Step 3:  Input the transformed scores into the CEP

estimation methods to calculate CEPs.

The SLAM II program written to perform Step 1 is listed in Appendix A. The C
programs which perform Step 2 and Step 3 arve listed in Appendix B. The batch file

that linked the programs together is listed at the end of Appendix B.

3.5.1.1 Verification and Validation of Random Number Generator. The
10,000 (x,y)-scores were produced by combining two random number streams of
10,000 numbers each. Two different seeds were used in the random number generator
to produce the two different streams of numbers. As mentioned above, the source
code necessary to produce these two random number streams is listed in Appendix A.
With a knowledge of and access to a SLAM 1l software package, verification of the
source code in Appendix A can be accomplished by simply typing the program and
running it.
The validation of the two random number streams was done with a C pro-

gram. Appendix C contains the source code of this program, which calculates the
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means, standard deviations, and cumulative probabilities of the two random num-

ber streams. Table 3.2 summmarizes the output of the program. Column 1 gives the

Table 3.2. Standard Normal Cumulative Probabilities

m 2) ) @
Upper Expected Cumulative | Cumulative
Bound of | Cumulative | Probabilities | Probabilities
Interval | Probabilities | for Stream 1 | for Stream 2
-3.0 0.0014 0.0010 0.0011
-2.3 0.0062 0.0063 0.0058
-2.0 0.0228 0.0221 0.0227
-1.5 0.066S 0.0648 0.0673
-1.0 0.1387 0.1610 0.1594
-0.5 0.3085 0.3064 0.3085
0.0 0.5000 0.4919 0.5025
0.5 0.6915 0.6873 0.6906
1.0 0.8413 0.8367 0.8396
1.5 0.9332 0.9322 0.9355
2.0 0.9772 0.9759 0.9767
2.5 0.9938 0.9931 0.9937
3.0 0.9986 0.9988 0.9995
+oc 1.0000 1.0000 1.0000
Mean 0.0000 0.0141 0.0002
Std Dev 1.0000 1.0052 0.9986

upper bounds of the interval, column 2 gives the expected cumulative probabilities
of the intervals {9:760]. column 3 gives the cumulative probability of stream 1, and
column 4 gives the cumulative probabilities of stream 2. The results in Table 3.2
show that the two random number streams perform to expectation almost perfectly.
Note the two bottom rows of Table 3.2. The last two rows of Table 3.2 list the
means and standard deviations of the two random number streams. By definition,
a standard normal distribution has a mean of zero and a standard deviation of one.
Both stream 1 and stream 2 have means and standard deviations of approximately

zero and one respectively. The logical conclusion pertaining to the data listed in
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Table 3.2 is that the SLAM II random number generator produced valid standard

normal random number streams.

3.5.1.2 Correlation Study of Input Data. The previous section verified
that the two random streams were distributed normally with means of zero and
standard deviations of one. This section examines the correlation between the two
data streams. Since the simulated downrange and crossrange data was composed of
merging the two data streams, it is importan' to show that there is no correlation
between the two streams of random numbers. When the two streams of random
numbers are not correlated, the observed correlations are due to the correlation

induced by the experiment and to random variations.

Two C programs were written for this cerrelation study. Both programs are
included in Appendix D. Table 3.3 displays the results of examining 1000 randomly

generated pairs of standard normal deviates.

The data reveal that the correlation between the 1000 pairs of points is zero.
If the larger sample sizes yielded correlations other than those close to zero, it would
indicate that the two data streams were correlated. Similarly, the average correlation
for smaller sample sizes is also approximately zero. The negligible average correla-
tions for all sample sizes imply that the assumption of independent random numbers
is a reasonable one. However, there are observations of higher correlations as sample
size decreases, especially when the sample size is 10 or less. The higher correlations
with the smaller sample sizes are presumably the result of random chance. Despite
these random correlations, average correlation observed for cach sample size 1s ap-
proximately zero. Thus, the generated pairs of points appear to be uncorrelated, but
relatively high random correlations may occur in actual or siinulated data when the

sample size is small.

3.5.1.3 Determination of Sample Size. The decision to use 10,000 scores

for this experiment was based upon the results of confidence interval analysis. The
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reason for using a large sample size was to reduce the variance of the estimates of
the mean CEP for a given technique and set of experimental conditions. The ex-
peiiment would not produce useful results if estimates for the mean CEP had large
confidence intervals, which would impair the ability to discriminate between alter-
native approximation techniques. The following mathematical statements define the

lower and upper confidence bounds for the mean CEP estimate.

n — CEP)
Lowerbound = CEP — z(3_q/2) * \ .=1(Cl(??P, l)(/bp) (3.31)
n(n —
n PR _ P2
Upperbound = CEP 4+ z12ay2) * \ '=](C;€IP'_ I)CL[L (3.32)

where
n = number of CEPs in analysis
C EP, = the CEP for observation 1
CEP = mean CEP
a = level of confidence
Z(1-0/2) = the standard normal statistic for

half of the confidence level

The lower and upper bounds above define the confidence interval for the estimate
of the mean CLEP. As the number of CEPs included in the analysis approaches
mfinity, the lower and upper bounds would converge to the mean CLEP. However,
to conduct this experiment on the available computer within reasonable time limits,
a finite number of CEPs had to be chosen. Obviously, the sample size had to be
small enough for the computer to handle, but large enough to generate acceptable
confidence intervals. An examination of the confidence interval half-width provided

the basis to strike a compromise between sample size and precision. Half-width for

3-12




the mean CEP is defined in equation (3.33).

»(CEP,— CEP)?
n(n — 1)

Half —width = zy_q/7) * \‘ (3.33)

The half-width is one-half of the confidence interval. A desired objective for this
experiment was to use a number of CEPs which made the half-width one foot or
less. If this objective could not be attained, then the secondary objective was to
use a large enough sample to make the half-width less than one percent of the mean
CEP. Since the mean CEP for the ideal case should be around 1000 for each method,

the half-width under the secondary objective should be 10 or less.

Table 3.4 lists the mean and half-width of CEP estimates obtained by applying

the Grubbs-Patnaik/chi-square method to data sets of varying sample sizes. Notice

Table 3.4. Half-width Analysis

Sample | Half- | Mean
Size | Width | CEP
2000 | 0.853 | 936.24
1000 | 0.0%4 | 952.98
6000 | 0.797 | 955.53
8000 | 0.739 | 960.90
10000 | 0.342 | 961.1¢€
12000 | 0.174 | 960.60
14000 | 0.161 | 963.26
16000 | 0.097 | 958.95
18000 | 0.364 | 958.19
20000 | 0.056 | 958.95

in Table 3.4 that the half-width is less than one for each of the sample sizes listed.
Figure 3.1 shows a plot of the half-width as a function of sample size. Since the
primary goal was to determine the sample size where half-width is less than one

foot, the goal could likely be attained with a sample size of 2,000 or more.
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The plot of this data in Figure 3.2 reveals that the mean CEP estimates do not

vary much as sample size increases. In fact, beyond a sample size of 8,000, there is
| little change in the mean CEP estimates. From the data in Table 3.4, Figure 3.1, and
Figure 3.2, it appeared that a sample size of 10,000 (x,y)-scores should be adequate
- to conduct the experiment. The mean CEP estimates are stable and the 95 percent

confidence interval is within less than one-tenth of one percent of the mean CEP.

3.5.2 AMcthod of Data Collection. The computer programs used to generate
the data for this experiment are listed in Appendix B. They yielded mean CEP and
relative error values for each approximation technique at each design point. Tables

of these results are provided in Appendices E and F.
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IV. Analysis and Discussion of Results
4.1 Results

The results of the experiment are listed in Appendices E, F, and G. Appendix E
lists the CEP estimates produced by each method for each of the 875 test points.
The relative errors of these estimates are included in Appendix F. Multiplying the
relative errors by 100 would give the percent deviation from the CEP calculated
by the exact method. Appendix G compares the estimates at each test point by
assigning a letter grade to each of them. These grades indicate the magnitude of
the relative error associated with each est’ :. The grades progress from “A" to
*G”, with A" representing the least relative error and “G” representing the largest

relative error.

4.1.1 Statistical Summary. Table 4.1 summarizes some of the sample statis-

tics for the absolute values of the relative errors listed in Appendix F. It lists the

Table 4.1. Sample Statistics of Absolute Relative Errors

Method | Mean | Std Dev | Min | Max | Range
Grubbs | 0.061 | 0.054 | 0.000 } 0.346 | 0.346
Rand 0.132 | 0.065 |0.010{0.291 | 0.281
Eth C.133 | 0.066 |0.002|0.324 | 0.322
CEP3 ] 0.038 | 0.031 |0.0000.117| 0.117

mean, standard deviation, minimum, maximum, and corresponding range of the ab-
solute values of the relative errors for each method. Absolute values were used in
the table hecause the magnitude of the relative error, rather than its sign, was of
interest. Based on the absolute value of the minimum and maximum values, the
Grubbs method has errors as great as 34.6%; the Rand method, 29.1%; the Ethridge
method. 32.4%; and the CEP3 method, 11.7%. The standard deviations of the ab-

solute values of the relative errors are comparable, but the means are noticeably
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different. The CEP3 method has a mean absolute relative error of 3.8%; Grubbs,
6.1%; Rand, 13.2%; and Ethridge, 13.3%. The information in Table 4.1 is not con-
clusive in any particular matter; but, the relatively small means of the CEP3 and
Grubbs methods tend to indicate a possible overall dominance over the other two

methods in the parameter space of this test.

4.1.2 Frequency Summaries. The following two tables and corresponding fig-
ures summarize the important data listed in Appendix G. Table 4.2 and Figure 4.1
show the frequency that each method ranked first, second, third, and fourth in terms

of lowest relative error for each of the 875 test points. Although every method is the

Table 4.2. Frequencies of Rankings

Method | First | Second | Third | Fourth
Grubbs 265 371 164 | 75
Rand 37 81 374 383
Eth 27 131 300 417
CEP3 546 292 37 0

best for some of the test points, either the CEP3 or Grubbs method is best for most

of them.

Table 4.3 and Figure 4.2 summarize the quality of the 875 CEP estimates for
cach method. As mentioned earlier, the letter grades correspoud to the magnitude
of the relative errors. A grade of “A” represents the smallest relative errors and “G”

the largest.

The data reveals that all of the methods yield “A” quality estimates for some
test points. Furthermore, the CEP3 and Grubbs methods produce more estimates
with less than 10% relative error and fewer with greater than 10% relative error than
the other two methods. Thus, the CEP3 and Grubbs methods are generally superior

to the other two in terms of the ranking and quality of their estimates.
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Table 4.3. Frequency of Grades

Grade | Relative Error Range | Grubbs | Rand | Eth | CEP3
A 0% — 2.5% 229 49 14 370
B 2.5% — 5% 209 103 | 80 | 237
C 5% — 7.5% 196 66 | 113 | 151
D 7.5% — 10% 130 93 |120| 83
E 10% — 15% 58 162 | 197 | 34
F 15% — 20% 23 240 | 223 0
G 20% — 40% 30 162 [ 128 0

4.1.3 SAS HResults. SAS is the statistical software package that was used to
analyze the relative errors of each method [12]. The goal of the SAS analysis was
to determine the sensitivities of each of the methods to sample size, bias, ellipticity,

and correlation.

The first statistic of interest is the Pearson Correlation Coefficient. This cor-
relation coefficient ranges from minus one to plus one. If the value of the coefficient
is near zero, it indicates little or no linear relationship between two parameters. If
the value of the coefficient is near plus or minus one, it indicates a strong linear
relationship between two parameters. Table 4.4 summarizes the Pearson correlation
coefficients for each of the mmethod's relative errors versus the four parameters of

sample size, bias, ellipticity, and correlation. Table 4.4 shows that sample size has

Table 4.4. SAS Pearson Correlation Coeflicients

Method | Sample Size | Bias | Ellip | Corr
Grubbs -0.174 -0.315 | -0.388 | -0.329

Rand -0.138 0.872 | -0.166 | 0.037
Eth -0.749 -0.152 | 0.394 | -0.317
CEP3 0.001 -0.567 | 0.150 | -0.567

no relationship with the relative errors from CEP3, and that correlation has a very

small relationship with the relative errors from the Rand method. On the other
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hand, there is a stong relationship between bias and the relative errors from the
Rand method, and between sample size and the relative errors from the Ethridge
method. One last important point to note about the correlation analysis that is not
listed in Table 4.4 is that the correlation coefficients between each of the parameters
are zero for all four methods. This zero correlation between the parameters means

that covariance is zero and, therefore, does not have to be addressed.

The next SAS statistics of interest are the Type I and Type Il sums of squares.
The model sums of squares are broken down into the sums of squares that each
parameter contributes to it. The Type I sums of squarcs are the extra sums of
squares that each parameter adds to the model sums of squares given that the
previously listed parameters are already in the model. Since there is no correlation
between any of the parameters, the order that the parameters are listed does not

affect the Type I sums of squares.

The Type Il sums of squares are the partial sums of squares that a parameter
contributes to the model sums of squares, given that all of the other parameters are
in the model. Since there is no correlation between the parameters, the partial sums
of squares for each parameter are not dependent on which parameters are aireacly in
the model. Having zero correlation between the parameters means that the Type |
and Type II listings of the sums of squares are equal. Since the Type I and Type Il
suins of squares are the same for the analysis, only Type I sums of squares will be

given in Table 4.5. The iimportant point to note about Table 4.5 is that within each

Table 4.5. Type I Sums of Squares

Method | Sample Size | Bias | Eliip | Corr

Grubbs 0.100 0.330 | 0.499 | 0.359
Rand 0.071 2.849 | 0.104 | 0.005
Eth 2.150 0.089 | 0.594 | 0.386
CEP3 0.000 0.513 | 0.036 | 0.512

row. some numbers are noticeably larger than the others. The larger numbers in
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each row indicate the corresponding parameters that explain a substantial degree of
the variation in the model's predicted response. For example, the level of bias in
the data is the predominant factor for the Rand method. On the other hand, the

Ethridge estimator appears to he most sensitive to sample size.

The next operation SAS performed was a stepwise regression study to deter-

mine which parameters were significant at the 0.01 level. Table 4.6 shows that all

Table 4.6. Stepwise Regression Summary

Method | Sample Size | Bias | Ellip | Corr

Grubbs YES YES | YES | YES
Rand YES YES | YES | NO
Eth YES YES | YES | YES
CEP3 NO YES | YES | YES

the parameters are significant in the regression models except sample size for CEP3

and corrclation for Rand.

The final SAS statistic of interest is the model R? value, given that tle param-
eters are included as shown in Table 4.6. The model R? values listed in Table 4.7

represent the percent of the total variation accounted for by the parameters in the

Table 4.7. Model Correlation Coefficients

Method | Model R*?
Grubbs 0.3833
Rand 0.8071
Eth 0.8406
CEP3 0.6664

model. Note that the R? values given here represent the ratio of the model sums of
squares ‘o the total sums of squares uncorrected for the mean. A low R?, such as
0.3883 for the Grubbs method indicates that over 60% of the variation in the to'al

mode] is due to randomness. assuming that the regression model is linear. Even
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with four significant parameters in the Grubbs regression, the overall model explains
38.83% of the total variation in the vbserved response. This low percentage indicates
a lack of sensitivit;* of the Grnbbs method to systematic changes in the four param-
eters. The CEP3 model exriains 66.64% of the total variation, which indicates a
moderate sensitivity to cha. ges in its three significant parameters. Both the Rand
and Ethridge models explain over 80% of the total variation in their corresponding
responses, which indicates a strong sensitivity of their relative errors to changes in

at least one of the parameters.

4.1.4  Summary of Results. Examining the data in Appendices E, I, and G
revealed that the relative errors of the CEP3 and Grubbs methods are usually less
than 10% and are consistently luwer than those of the Rand and Ethridge estimators.
However. each method is the best in some parameter region, and no method totally
dominates the others. Each method also exhibits differing levels of sensitivity to
changes in the four parameters. The Rand method is very sensitive to changes
in bias, while the Ethridge method is very sensitive to changes in sarnple size. The
CEP3 method is equally sensitive to changes in bias and correlation, and the Grubbhs

method s not particularly sensitive to changes in any of the parameters.

4.2 General Trends

Appendix G lists the best CEP method for each parameter region. Overall,
the CEP3 methed is the best 546 times, and the Grubbs method is the best 265
times for a combined total of the two methods being the best for 811 out of the
875 test points. In general, bias was the most significant parameter affecting which
method was the best. For bias settings of 0, .23, .5, .75, and 1, the CEP3 method
was usually the bhest regardless of the other parameter settings. For the bias setting
of 1.5, both CEP3 and Grubbs were always the best, but neither dominated the

other. For the bias setting of 2. the Grubbs method was usually the best regardless

e
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of the other parameter settings. The following sections discuss the general trends of

each method.

4.2.1 CEP3. The CEP3 method ranked first or second 838 times out of the
875 test points. Of its 875 relative errors, 607 were less than 5%. Figure 4.3 shows
some of the relative errors as a function of the annotated parameter settings. The fig-
ure highlights the methods’s sensitivity to bias. The top portion of Figure 4.3 shows
an interaction between hias and correlation. The effect of correlation is different at
different levels of bias. Comparing the top and bottom portions of Figure 4.3 indi-
cates an interaction between ellipticity and correlation. Correlation has a different
effect based on the level of ellipticity. When bias is 0, .25, .5, .75, or 1, the relative
errors are less than 5% for all other parameter settings except for when ellipticity
is .2 or .4. When bias is 1.5 or 2, the relative errors are all greater than 5% for all
parametcr settings except when ellipticity equals one. In general, the CEP3 method
is insencitive and accurate for all parameter settings given that bias is €, .25, .5, .75,

or 1.

4.2.2  Grubbs. The Grubbs method ranked first or second 636 times out of
the 875 test points. Of its 875 relative errors, 438 were less than 5%. Figures 4.4
to 4.7 show some of the relative errors as a function of the annotated parameter
settings. Figures 4.4 and 4.5 reveal that the Grubbs method is more accurate for
larger values of hias. A comparison of the two figures reveals that the Grubbs method
performs better with large sample sizes. Examining Figure 4.4 alone also indicates
that the Grubbs method is more accurate for larger values of ellipticity, that is,
a more circular distribution, when sample size is small. Figures 4.6 and 4.7 both
show that the method is more accurate for higher levels of correlation. Comparing
Figures 4.6 and 4.7 implies, once again, that the Grubbs method performs better

with larger sample sizes. Examining Figures 4.4 to 4.7 indicates that a number

of interaction terms such as correlation and bias may be significant. The Grubbs
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"aethod is most accurate when correlation is near 1, sample size is near 15, and bias

s near 2.

4.2.3 Rand. The Rand method ranked first or second 118 times out of the
375 test points. Of its 875 relative errors, 152 were less than 5%. Figure 4.8 shows
some of the relative errors as a function of the annotated parameter settings. The
figure highlights this method's sensitivity to bias. The method is accurate in the
parameter regions of low bias and large sample size; specifically, when bias is 0,
.25, and .5, and when sample size is 10 and 15. The parameter values of ellipticity
and correlation have a negligible inflnence on the relative errors produced by this

method. The method is not generally accurate in any other parameter region.

4.2.4  Ethridge. The Ethridge method ranked first or second 158 times for
the 875 test points. Of its 875 velative errors, 94 were less than 5%. Figures 4.9
and 4.10 show some of the relative errors as a function of the annotated parameter
settings. The figures highlight this method’s sensitivity to sample size and ellipticity.
In general. this method has small relative errors and appears to be unbiased only
when sample size 1s three or five, ellipticity is close to one, bias is close to zero, and

correlation is close o zero.

1.3 Problems E'ncountered

Several preblems surfaced during this experiment. Some of these problems were
minor and others were fundamental to impacting the success of the experiment. Each

of these problems is addressed below.

4.3.1 Random Nuwmber Generator This experiment used random numbers
from the SLAM II simulation package. An earlier attempt was made to produce a
portable personal computer based random number generator. The portable random

number generator would have frecd this experiment from any necessity to use the
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larger mini or mainframe computers. A random number generator was written in the
C programming language on the author’s personal computer. During the verification
and validation process, it was found that the variates produced by the random
number generator did not represent the distributions which they were trying to

simulate. This attempt was abandoned and the SLAM Il random number generator

was adopted.

4.3.2 Shortcomings of the Infinite Series Ezpansion Method. One problem
was encountered wlnle implementing this method concerning the determination of
the summation limits of j and & in equation (3.9). Since the suinmation limits of j
and & are theoretically +oc. the computer implementation required the specification
of limits to stop the summations when a tolerance limit was reached. For most
test points, 10 was an adequate limit. Certain mixes of parameter values such as
ellipticities of .4 or .2 coupled with a correlation of zero, required higher lirnits of ;
and k. This mix of ellipticities and correlation for biases of one or less required j
and A& to be set to 40. As bias increased to two, the required limits of 7 and & were

as high as 90 for the mix of ellipticity less than .4 and correlation of zero.

Previous research suggested that the infinite series method produces inaccurate
results or fails to converge for ellipticity values of .2 or less [2:4-7]. Consequently, all
of the results were verified with the MathCAD mathematical software package {7] on
a SUN comiputer at the Air Force Institute of Technology. MathCAD provided the
ability to numerically integrate the functional form of the bivariate normal density
function directly. There were no convergence problems with MathCAD, and all
answers were calculated in 15 seconds of less. The results from MathCAD were
identical to the results of the infinite series expansion method {or values of ellipticity

of .2, 4..6. .8 and 1.

4.3.3  Grubbs Method. One problem was encountered while implementing the

Grubbs method. This problem involved equation (3.13) and its impact on equations
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(3.13) and (3.17). The value of v must be positive or else it would cause a negative
value within the square root of equation (3.13), and a negative number of degrees
of freedom in equation (3.17). There were a few test scores which produced large
negative values for j in equation (3.15). The large negative j’s caused v to be neg-
ative, resulting in computer errors. Computer code was added to check for negative
values of v, and to reverse the sign when this condition was found. This code solved
the problem. but further research should look into the shortcoming of the model in
this arca, and whether there is any significant impact on the accuracy of this model

caused by the reversal of the sign of » when this condition is encountered.
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V. Conclusions and Recommendations

5.1 Conclusions

The objective of this study was tc determine the relative errors of the various
quick CEP estimation methods under a number of combinations of small sample
sizes, bias, ellipticity, and correlation. This study, in essence, computed the points
of a coarse grid response surface. This information should provide ICBM accuracy
analysts a better understanding of the sensitivities of these methods to different
combinations of data characteristics. The analyst can calculate preliminary statistics
from the test data, and then use the results of this study to see which CEP method

is the best in the given parameter region.

The results of the experiment give both general and specific guidance on choos-
ing which CEP method is best in a given parameter region. In general, although
three to four main effects are significant for each method, RE is primarily determined
by one or two parameters. With few exceptions. the best method is solely a function
of the setting of bias. The CEP3 method is the method of choice when bias is 0,
225, 5,75, or I, independent of the values of the other parameters. The Grubbs
method is generally the most accurate method for the bias setting of 2 independent
of the values of the other parameters. Bevond this general guidance, information
was provided to help the analyst see the dvnamics of each CEP method to assess
their sensitivities to different combinations of parameter settings. Several plots were
shown to observe the interaction effects of the parameters. Since there are some
parameter regions where the general rule concerning bias does not hold, evaluating
RI at different combinations of parameter levels is important to be certain that the

Lest method is chosen for the given test data.

Overall, the CEP3 and Grubbs methods are superior to the other two methods.

In the few cases where the Rand and Ethridge methods were the best, the CEP3 or
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Grubbs methiods were almost as good. All of the resultant data from the experiment
are listed in the appondices as a resource for the analyst. A more detailed analysis of

the performance of the CET methods in a given parameter region can be performed

as desired.

An important issue regarding the general objective of this study dealt with the
ability to accurately estimate CEP for small sample sizes. The sample sizes of 3, 3,
7,10, and 15 were thoroughly analyzed as one of the parameters of the experiment.
Both the CEP3 and the Grubbs methods performed very well for eacl of the sample

sizes, given the levels of bias specified for each method.

The graphicai analysis of the accuracy of the CEP approximation methods
revealed the possible existence of significant two-factor interactions among the four
parameters considered. Thus, the models based on only the four main effects may be
somewhat deficient and the corresponding R? values misleading. Developing more
suitable models using two-factor and possibly three-factor interactions could possibly

result in adequate metamodels of RE for each of the methods considered.

This study represents the first evaluation of the Ethridge estimator. Except for
the nominal parameter settings of small sample size, low bias, low correlation. and
a nearly circular data cistribution, it appears to have a significant negative bias. Its
use for approximately normally distribuled downrange and crossrange miss-distance
data does not seem to be warranted. Further research of its application as a robust

estitnator remains to be doune.

3.2 Recommendations

Within the parameter regions of this study, the best method for a given set of
data was determined to be a function of the value of bias. When bias equals 0, .25,
5. .75 or 1, the CEP3 method should be chosen. When bias equals 2. the Grubbs

method should be chosen. Further research should look into refining the coarse grid
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response surface for bias values between 1 and 2 since this is the region where the

best method transitions from CEP3J to Grubbs.

This study focused on the least biased estimator. Another study could examine
a response surface of the mean square error of the relative errors to account for the
variability in the estimates as well as the mean. Knowledge of both the mean and
variance of the relative errors could further assist ICBM analysts in choosing which

method is most appropriate for a given set of test data.

As computer technology advances, the ICBM accuracy analysts continue to
gain new methods to improve the quality of their work. In the past. the quick CEP
niethods were used to provide timely and accurate CEP estimates so that the time-
ccnsuming process of integrating the bivariate normal distribution by the numerical
integration methods could be avoided. This study compared the results of the exact
method with the results of MathCAD as part of the validation process. It was found
that the results of the two methods were identical. Future work in ICBM accuracy
analysis could exploit the mathematical software available today, such as MathCAD
or Mathematica. The quick CEP estimation methods are still important because of
their convenience and ease of use. The importance of the new mathematical software
could also be 1n the arca of future studies that require accurate numerical integration
of the bivariate normal density function. These math packages could supplement or

replace the exact method as the new benchmark method.

If the cract method is to be nsed in the future, two important issues should be
taken into account. First, this method required several hours to calculate one CEP
when the data characteristics were highly elliptical, highly biased, and uncorrelated.
The cxact method should be programmed on a mainframe computer to reduce the

time consumed by the process of obtaining the exact CEP estimates.

The second issue concerning the eract method is the summation limits of the
infinite ceries expansions. Any computer program implementing this method must

Le dynamically flexible in determining when to stop the summations. If the limits
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are too small, the CEPs will be overestimated. If the limits are too large, the pro-
gram might terminate with a floating point error. For highly elliptical, uncorrelated
data with biases greater than 2, the author’s computer could not accommodate the
required summation limits of 90 or more. A more power{ul computer should be used

to attain the eract CEP estimates for cases when ellipticity is .4 or less.

If further research is to be done on the quick CEP methods, a personal com-
puter based random number generator should be either developed or acquired. A
random number generator of this nature will free the researcher from a dependency
on mainframe computers for this capability. This is a matter of personal preference

and convenience, but highly recommended.

This study assumed that the underlying distribution of the crossrange and
downrange miss distances followed a bivariate normai density function. Further re-
search could be done assuming nonnormal miss-distance data. Such studies should
focus on nonparametric or robust estimators. The Ethridge estimator did not per-
form well in this experiment, but, as a robust estimator, it may perform best when

the assumption of normality is violated.




Appendix A. Random Number Generator

A.1  The Programs

The 10,000 (x,y)-scores were taken from the SLAM II simulation language
package. The extraction of the data required two programs. The first program is
the SLAM II network flow program. It was written in such a way that two activities
each require a service time with a distribution that is normally distributed with a
mean of zero and a standard deviation of one. The second program is a FORTRAN
program that records the service times of the two activities and outputs these times
to data files. LEach of the two activities has its own data file. One file will be used
for tlie crossrange miss scores, and the other file will be used for the downrange miss
scores. The respective two files in the program below are called X.DAT and Y.DAT.

The SLAM 11 and FORTRAN programs are listed below.
AL SLAM II Nctwork Program

GEN,PUHEX,CEP, 1/24/92,1,,N,,N, ,72;
LIMITS,1,2,100;

NETWORK;
CREATE,S.,0.;
ACT/1,USERF(1),,Q1;
Q1 QUEUE(1),0;
ACT/2,USERF(2),,T1;
T1 TERM, 10000;

END;
FIN;
A.1.2 FORTRAN Program

PROGRAM CEP
DIMENSION NSET(5000)
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COMMON/SCOM1/ATRIB(100),DD(100),DDL(100) ,DTNOV,
111,MFA,MSTOP,NCLNR,NCRDR,NPRNT ,NNRUN,NNSET,
2NTAPE, SS(100),SSL(100) , TNEXT, TNOW,XX (100)

COMMON QSET(5000)

EQUIVALENCE(NSET(1),QSET(1))

NNSET=5000

NCRDR=5

NPRNT=6

NTAPE=7

OPEN(UNIT=8,FILE-'X.DAT’,STATUS='NEW’)

OPEN(UNIT=9,FILE='Y DAT’,STATUS='NEW’)

CALL SLAM

CLOSE(8)

CLOSE(9)

STOP

END

THIS USERF FUNCTION EXTRACTS RANDOM NUMBERS

(9]

FUNCTION USERF(I)
GO TO (1,2) I

1 USERF = RNORM(0.,1.,1)
WRITE(8,1000) USERF
RETURN

2 USERF = RNORM(0.,1.,2)
WRITE(9,1000) USERF
RETURN

1000 FORMAT(1X,F8.4)
END
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Appendix B. C Programs

B.1  Programs

The following C programs process the 10,000 (x.y)-scores so that the final
ouiput is a list of the CEP estimates from the five methods. This appendix guides

the interested reader through the process.

B.1.1  Data Integration. The first program is called “xy.c”. The input to this
file are the two data files from SLAM 11 called “x.dat™ and “v.dat™. The data in
these files ave still in their standard normal form with a mean ol zero and a standard
deviation of one. This program reads in data from “x.dat™ as the crossrange error
scores and the “v.dat™ as the downrange error scores. The two files are merged into
one file called “xy.dat™ which has the crossrange scores in the left column and the

downrange scores in the right colun.

The study assumes that the CEP of interest is 1000 feet. If the bivariate
normal density function s to have a CEP of 1000 feet, its standard deviation must
Le 1000 1.1771 or 819 feet. Since the data files contain standard normal values, cach
datwim s multiphied by 819 to reflect a distribution whose CLEP is 1000 feet. The

prograim is listed as follows:

/¥ xy.c x/
/* This program generates the (X,Y) scores. =/

#include <stdio.h>
#include <math.h>

#define N 10000 /* N 1is number of (X,Y) points =/

main ()

{



FILE *inx,*iny,*outxy; /* pointer for output file */

int 1; /* counter variables */
float x,y; /* the (X,Y) miss point */ )
float sigx,sigy; /* standard deviations for x and y */ T

/* open exterral files */
inx = fopen("x.dat", "r");
iny = fopen("y.dat", "r");
outxy = fopen('xy.dat'", "w");

/* calculate the standard deviations for x and y */
sigy = 1000./1.1774;
sigx = 1000./1.1774;

for (i=0;i<N;i++) {
fscanf{inx, "%f", &x); /* generate x random normal number */
fscanf(iny, "Uf", &y); /* generate y random normal number */
X *= sigx; /* convert x to a crossrange score */

y *= sigy; /* convert y to a downrange score */
fprintf(outxy,"%8.2f %8.2f\n",x,y);

fclose(inx);
fclose(iny);
fclose(outxy);

return;

B.1.22 Data Transformation. The program called “tweak.c™ transforms the
data i “xy.dat” to reflect the data characteristics of the current test design point.
“tweak.o” reads in the valnes of bias. ellipticity, and correlation from a data file
containing a database of the test design point parameter values. After the current
parameter values are read in, the proper manipulations are made to the data in
“sv.dat™. The ontput file of the transformed datais called “tweak.dat™. The program

1 listed as follows:

/* tueak.c */
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/* This program does the data manipulation to the (X,Y) points to
reflect the proper BIAS, ELLIPTICITY, and CORRELATION */

#include <stdio.h>
#include <math.h>

#define N 10000
#define PI 3.14159265358979323846

main ()

{

/%

/%

/*

/%

FILE *in1,#*in2,*out;
int 1,3;

float

n

inl
in?2
out

fscanf(in2,"%d %f %f Yf",&j,&bias,&ellip,&rho);

calculate the correlation offset */
rho*45.; /* theta expressed in degrees */
/* theta converted to radians */

theta

rad = (theta/360.)*2.%PI;

bias,theta,rad,ellip,rho,x,y,rotx,roty,m[2] [2];

fopen("xy.dat", "r");

fopen('param.dat', "r");
fopen('tweak.dat", "w'")

'

)

calculate rotation matrix, m */

m[0][0]
m{1][c]
m[0][1]

m{1][1] = cos(rad);
-sin(rad);
sin(rad);

fl

calculate bias */

bias

b1as*849.33;

manipulate data */
for (i=0;i<N;1++) {
fscanf(inl,"%f %f",&x,&y);

y *=

X %*x=

rotx
roty
X

=

bias;

ellip;

= x*m[0][0] + y*m[1][0];
= x*m{0)[1] + y*m([1][1];
rotx;




y = roty;
fprintf(out,"%8.2f %8.2f\n",x,y);
}

fclose(inl);
fclose(in2);
fclose(out);

return,

B.1.3 CEP Calculations. The following five programs read in the trans-
formed data from “tweak.dat”™ and calculate the appropriate CEP estimates. The
first of these programs is “exact.c” which is the exact method. The eract method
calculates one CEP for each of the 175 test design points. The “exact.c” program is

listed as follows:

/% exact.c */
/+* This program implements the "exact' method or rather Smith’s
infinite series expansion method. The Grubbs-Patnaik/Chi-square

method is used as the input for the first guess. */

#include <staio.h>
#include <math.h>

#define N 1

float EXACT(float sx,float sy,float mux,float muy,float cep);

main()
{
FILE *in1,*in2,*out;
int 1,11; /* counter variable for loops and such */
float x,y;
float sx,sy; /* standard errors for x and y */
float sumx,sumy;
float mux,muy; /* means for x and y */
float cep; /* cep estimate */
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float cepprob; /* the probability of current cep */

inl = fopen("tweak.dat", "r");
in2 = fopen('grubbs.dat", "r");
out = fopen("exact.dat", "w");

sumx = 0.0;

suny = 0.0;

for (i1=0;i<10000;i++) {
fscanf (int,"if %f",&x,&y);
sumx += Xx;
sumy += y;

}

mux = sumx/10000.;
muy = sumy/10000.;
rewind(inl);

sx = 0.0;

sy = 0.0;

for (i=0;i<10000;i++) {
fscanf (inl,"%f %f",&x,&y);
sx += (x-mux)=*{(x-mux);
sy += (y-muy)*(y-muy);

}
sx = sqrt(sx/9999.);
sy = sqrt(sy/9999.);

fscanf (in2,"%d %f",&ii,&cep);
cepprob = EXACT(sx,sy,mux,muy,cep);

if (cepprob <= .5) {
while (cepprob < .5) {

cep += 10;

cepprob = EXACT(sx,sy,mux,muy,cep);
}
while (cepprob > .5) {

cep -= 1;

cepprob = EXACT(sx,sy,mux,muy,cep);




}

while (cepprob < .5) {

cep += .1;
cepprob = EXACT(sx,sy,mux,muy,cep);
}
}
else {
vhile (cepprob > .5) {
cep -= 10.;
cepprob = EXACT(sx,sy,mux,muy,cep);

}

while (cepprob < .5) {
cep +=1,,;
cepprob = EXACT(sx,sy,mux,muy,cep);

}

vhile (cepprob > .5) {

cep -=

.15

cepprob = EXACT(sx,sy,mux,muy,cep);

}
'

fprintf (out,"%f\n",cep);

fclose(inl);
fclose(in2);
fclose(out);
return;
}
float EXACT(float sx,float sy,float mux,float muy,float cep)
{
int 1,3,k,1,m,2,f1,£2,£3;
float suml,sum?,sum3,x1,x2,x3,x4,xsum;
float y1,y2,y3,y4,ysum,xk,yj,temp;
float P; /* the probability of current cep estimate */
float D; /* D will be the up front conglomerate term */
float ugly;
float bigsum;

/* calculate D, the front conglomerate term */
D = (cep*cep/(2.*sx*sy))*exp (- ((mux*mux)/(2.*sx*sx)+
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(muy*muy)/(2.*sy*sy)));
bigsum = 0.;
for (k=0;k<10;k++) { -
for (j=0;3j<10;j++) {

/* ugly factorial term x*/

f1 = k+1;
£2 = j+1;
£3 = k+j+1;

suml = sum2 = sum3 = 1.;
for (m=1;m<=f1;m++) suml *= (float)m;
for (m=1;m<=f2;m++) sum2 *= (float)m;
for (m=1;m<=f3;m++) sum3 *= (float)m;
ugly = (suml/sum3)*sum?;

/* calculate xk */

f1 = 2*k;
2 = k+1;
£3 = k;

suml = sum2 = sum3 = 1.;

for (m=1;m<=f1;m++) suml *= (float)m;
for (m=1;m<=f2;m++) sum2 *= (float)m;
for (m=1;m<=£f3;m++) sum3 *= (float)m;
sum3 = sum3*sum3;

x1 = (sumi/sum2)/sum3;

temp = 1.;

if (k == 0) x2 = 1.;

else {
x2 = (-(cep*cep)/(8.*sx*sx));
for (m=1;m<=k;m++) temp *= x2;

X2 = temp;
}
xsum = 0.;
for (1=0;1<=k;1++) {
fl = k;
f2 = k-1,
£3 = 2x];

sumil = sum?2 = sum3 = 1.;
for (m=1;m<=f1;m++) samil *= (float)m;




for (m=1:m<=£f2;m++) sum?2 *= (float)m;
for (m=1;m<=f3;m++) sum3 *»= (float)m;
x3 = (suml/sum2)/sum3;

temp = 1.,
if (1 ==0) x4=1.;
else {

x4 = (-(2.*mux*mux)/ (sx*sx));
for (m=1;m<=1;m++) temp *= x4;
x4 = temp;

}

xsum += x3*x4;

Xk = X1*#x2%xsum;

/* calculate y) */

1 = 2x3;

£f2 = 3+1;

3= 35

suml = sum2 = sum3 = 1.;

for (m=1;m<=f1;m++) suml == (float)m;
for (m=1;m<=f2;m++) sum2 *= (float)m;
for (m=1;m<=f3;m*+) sum3 *= (float)m;
sum3 = sum3*sum3;

yl = (sum1/sum2)/sum3;

temp 1.;

if (3 == 0) y2 = 1.;

else {
y2 = (-(cep*cep)/(8.*sy*sy));
for (m=1;m<=7j;m++) temp *= y2;

y2 = temp;
}
ysum = 0.;
for (i=0;i<=j;i++) {
f1 = 3;
£2 = 3-1;
3 = 2*1;

suml = sum2 = sum3 = 1.;
for (m=1;m<=f1;m++) suml *= (float)m;




for (m=1;m<=£f2;m++) sum2 *= (float)m;
for (m=1;m<=£f3;m++) sum3 *= (float)m;
y3 = (sumi/sum2)/sum3;

temp = 1.;
if (1 ==0) y4 =1.;
else {

y4 = (-(2.*muy*muy)/(sy*sy));
for (m=1;m<=1;m++) temp *= y4;
y4 = temp;
}
ysum += y3*y4;
}
yj = yl*y2*xysum;
bigsum += xk*yj*ugly;
}

}
P = D*bigsum;

return (P);

The programs for the other four CEP methods also read in the transformed
data from “tweak.dat™, but in addition to calculating a CEP for each test design
pomnt. they also caleulate CEPs for cach of the sample sizes too. The Grubbs-
Patnaik ‘chi-square program is listed as “grubbs.c”, the Modified RAND-234 method
is listed as “rand.c”. the CEP3 method is listed as “cep3.¢”, and the Ethridge method

1s hsted as “eth.¢™.

/* grubbs.c */

#include <stdio.h>
#include <math.h>

#define ROUND(a) ((a)>0 ? (int)(a+0.5) : ~(int)(0.5-a))

float interpolate(float a,float aup,float alow,float kup,float klow);
float GRUBBS(float store[2][15],int n);

B-9




main()

{
FILE *in,*out; /* pointers for external files */
int i,j,n,z; /* counter variables */
float store[2]{15]; /* stores x & y values for this rep */ B
float GRUBBSCEP; /* CEP from Grubbs-Patnaik/Chi-Square */

float sum,avg;

in = fopen("tweak.dat", "r");
out = fopen("grubbs.dat", "w");

/* for sample size of 15 */
n = 15;
sum = 0.0;
for (i=0;i<350;1++) {
for (3=0;j<n;j++) {
fscanf(in,"if %f",&storel0) [j],&store(1][;1);
}
GRUBBSCEP = GRUBBS(store,n);
sum += GRUBBSCEP;
}
avg = sum/650.;
fprintf (out,"%d Y%f\n",n,avg);

/* for sample size of 10 */
rewind(in);
n = 10;
sum = 0.0;
for (i=0;1<1000;1i++) {
for (J=0;j<n;)++) {
fscanf(in,"%f %f",&store(0] [j],&store(1][;j1);
}
GRUBBSCEP = GRUBBS(store,n);
sum += GRUBBSCEP;
}
avg = sum/1000.;
fprintf(out,"%d %f\n",n,avg);

/* for sample size of 7 */
rewind(in);
n =7,
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sum = 0.0;
for (i=0;3i<1400;i++) {
for (j=0;j<n;j++) {

fscanf(in,"%f 4f",&storel0] [j],&store[11(j]);

/*

}
GRUBBSCEP = GRUBBS(store,n);
sum += GRUBBSCEP;

}

avg = sum/1400.;

fprintf (out,"Ad %f\n",n,avg);

for sample size of 5 */

rewind(in);

n==5;

sum = 0.0;

for (1=0;1<2000;i1++) {
for (j=0;j<n;3++) {

fscanf(in,"%f %f",&storel0][j],&store11(3]);

/*

}
GRUBBSCEP = GRUBBS(store,n);
sum += GRUBBSCEP;

}

avg = sum/2000.;

fprintf (out,"%d %f\n",n,avg);

for sample size of 3 »/

rewind(in);

n = 3;

sum = 0.0;

for (1=0;1<3300;1i++) {
for (j=0;j<n;j++) {

fscanf(ain,"Uf %f",&store0][j],&store[1](j]);

}
GRUBBSCEP = GRUBBS(store,n);
sum += GRUBBSCEP;

}

avg = sum/3300.;

fprintf (out,"%d %f\n",n,avg);

fclose(in);
fclose(out);

B-11




return,;

float GRUBBS(float store[2][15],int n)
{
int r;
flecat m,v,df ,k;
float sx,sy;
float xbar,ybar,rho,rhotop,rhox,rhoy;
float xsum,ysum;

float GRUBBSCEP; /* final CEP value =*/
xsum = 0.;
ysum = 0.;

for (r=0;r<n;r++) {
xsum += storel0]{r];
ysum += store(1](r];

}

xbar = xsum/(float)n;
vbar = ysum/(float)n;
xsum = 0.;

ysum = 0.;

fer (r=0;r<n;r++) {
xsum += (store[0][r]-xbar)*(store(0] [r]-xbar);
ysum += (store(1] [r]-ybar)*(store(1] [r]-ybar);

SX
sy

sqrt{xsum/((float)n-1.));
sqrt (ysum/((float)n-1.));

rhetop = 0.
rhox =

thoy =

o O

.
0

for (r=0;r<n;r++) {
rhotop += (store(0] [r]-xbar)*(store[0] [r]-ybar);
rhox += (store[0] [r)-xbar)*(store(0] [r]-xbar);
rhoy += (store[1][r]-ybar)*(store(1] [r]-ybar);




rho = rhotop/sqrt(rhox*rhoy);

=]
L]

SX*SX + sy*sy + xbar*xbar + ybar*ybar;
V = 2.%sx*sx*sx*sX + 2.*rho*rho*sx*sx*sy*sy + sy*sy*sy*sy +
4.*(xbar*xbar*sx*sx + 2.*xbar*ybar*rho*sx*sy +

ybar*ybar*sy*sy) ;

if (v >= 0.0) df = (2.*m*m)/v;

else {
v = -v;
df = 12.;
}

df = RQURD(dL);

if (df >= 11)
k = (df - 0.7);
else {
switch (ROUND(df)) {
case 0:
k = interpolate((float)df,1.,0.,0.455,0.);
break,
case 1:
k = interpolate((float)df,2.,1.,1.39,0.455);
break;
case 2:
k = interpolate((float)df,3.,2.,2.37,1.39);
break;
case 3:
K = interpolate({float)df,4.,3.,3.36,2.37);
break;
case 4:
k = interpolate{(float)df,5.,4.,4.35,3.36);
break;
case §:
k = interpolate((float)df,6.,5.,5.35,4.35);
break;
case 6:
kK = interpolate((flecat)df,7.,6.,6.35,5.35);




break;
case 7:
k = interpolate((float)df,8.,7.,7.34,6.35);
break;
case 8:
k = interpr ate((float)df,9.,8.,8.34,7.34);
break;
case 9:
k = interpolate((float)df,10.,9.,9.34,8.34);
break;
case 10:
k = interpolate((float)df,11.,10.,10.3,9.34);
case 11:
k = interpolate((float)df,12.,11.,11.3,10.34);
}
)
GAUBBSCEP = sqrt((k*v)/(2.*m));

returr (GRUBRSCEP);
}

float interpolate(float a,float aup,float alow,float kup,float klow)
{
flecat k,percent;

percent = (a - alow)/(aup - alow);
k= klow + (percent*(kup - klew));

return (k);

-

/* rand.c */

/* This program implements the modified RAND-234 cep
ectimation method.*/

#include <stdio.h>
#include <math.h>




#define PI 3.14159265358979323846

float RAND234(float store[2][15],int n);

main ()
{
FILE *in,*out; /* pointers to the external files */
int 1i,j,n; /* counter variables */
float x,y; /* (x,y) miss point */
float store[2][15]; /* stores current x & y values */
float RANDCEP; /* CEP estimate of modified RAND-234 */

flocat avg,sum;
in = fopen('tweak.dat", "r");
out = fopen('rand.dat", "w");
/* for sample size of 15 */
n = 15;
sum = 0.0;
for (i=0;1<650;i++) {
for (j=0;j<n;j++) {
fscanf(in,"%f %f",&store[0](j],&storel1]{j]);
}
RANDCEP = RAND234(svore,n);
sum += HANDCEP;
}
avg = sum/650.;
fpr:ntf(out,"’d %f\n",n,avg);

/* for sample size of 10 =/
revind(1n, ;
n = 10;
sum = 0.0;
for (1=0;1<1000;1++) {
for (;=0;)<n;y++) {
fscanf(an,"%f %f",&storel0][3] ,&sterel1](;]);
}
RANDCEP = RAND234(store,n);
sum += RANDCEP;
}
avg = sum/1000. -
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fprintf(out,"%d %f\n",n,avg);

for sample size of 7 %/

rewind (in);

n-=1=17;

sum = 0.0;

for (1=0;i<1400;1++) {
for (j=0;j<n;j++) {

fscanf(in,"|f %4f",&store(0][j],&storel1](j]);

}
RANDCEP = RAND234(store,n);
sum += RANDCEP;
}
avg = sum/1400.;
fprintf(out,"%d %f\n",n,avg);

for sample size of 5 */

rewind(in);

n =5;

sum = 0.0;

for (1=0;1<2000;1++) {
for (j=0;j<n;j++) {

fscanf(in,"%f %£",&store[0][j] ,&store(1]{j]);

}
RANDCEP = RAND234(store,n):
sum += RANDCEP;
}
avg = sum/2000.;
fprintf(out,"%d %f\n",n,avg);

for sample size of 3 */

revind(inj;

n =3;

sum = 0.0:

for (3=0;1<3300;1i++) {
for (3=0;j¢<n;14+) {

fscanf(an,"4f %f",&storel0](j],&storel1](j]);

}
RANDCEP = RAND234(store,n);
sum += RANDCEP;

}

avg = sum/3300.;
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fprintf(out,"%d X%f\n",n,avg);

fclose(in);
fclose(out);

return;

3

float RAND234(flcat store[2][15]),int n)

{
int r,s,t; /* counter variables for loops and such */
float xbar,ybar;
float xsum,ysum;

float RANDCEP; /* CEP estimate for modified RAND-234 x/
float Cov[2] [2]; /* Covariance matrix */

float Corr(2](2]; /* Correlation matrix */

float A[2)(2]; /* Rotation matrix */

float cross; /* stores cross multiples for Cov */
float inter; /* stores inter multiples for Cov */
fleoat s1,s2; /* the standard deviations */

float theta,rad; /* angle of rotation to principal axes */
float bl,b2; /* transformed mean vectors */

float ki,bk2; /* transformed Cov matrix princ axes */
float Large_sigma; /* the larger of k1 and k2 */

float Small.sigma; /* the smaller of ki and k2 */

float CEPMPI; /* CEP of mean point of impact */

float BIAS; /* bias for RAND-234 %/ g

fleat V; /# the critical value for CEP %/

xsum = 0.;

ysum = 0. ;

for (r=0;r<n;r++) {
xsum += store[0]{r];
ysum += store[i]lr];

}
xbar = xsum/(float)n;
ybar = ysum/(float)n;

/* Calculate Covariance matrix Cov([2] [2] »/
for (r=0;r<2;r++) {
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for (s=0;s<2;s++) {
cross = 0.;
inter = 0.;
for (t=0;t<n;t++) {
cross += store[r] [t]*store(s][t];
inter += store[r] [t)*store(s][t];
}
cross *= (float)n;
Covl[rl[s] = (1./((float)n*((float)n-1.)))*(cross-inter);
}
}

/* Calculate the Standard deviations, sl & s2 */
s1 = sqrt(Cov[0][0]);
s2 = sqrt(Cov[1][1]);

/* Calculate the Correlation matrix, Corr[2][2] =/
Corr(0][0] = Corr{1]l1] = 1.;
Corr[0]J[1] = Corr[1][0] = Cov([0] [1]/(s2%*s2);

/* Calculate angle of rotation to principal axes, theta */
if (s1 == s2) {
if (Corr(o] (1l > 0.)
theta = -45.;
1f (Corrf0][1] < 0.)
theta = 45.;
}
else
theta = .S*atan((2.*Corr[0] [1]*s1*s2)/(s1*s1~-52%52));

/* Calculate the Rotation matrix, A[2] (2] =/
rad = (theta/360.)%2.%PI;

Afel (0] = A[1](1] = cos(rad);
A[0][1] = sin(rad);
A(1)[0] = -sin(rad);

/* reverse sin of angle if theta is negative */
if (theta < 0.) {
A[0][1]) = -sin(rad);
A[13(0]) = s° “rad);




/* Transform mean vector to principal axes, bl & b2 */
bl = A[0][0]*xbar + A[0] [1)*ybar;
b2 = A[1][0)*xbar + A[1][1]*ybar;

/* Transform C rariance matrix to principal axes, k1l & k2 */

k1 = sqrt(Afo][0]*(a(0][0]*Cov[0] [0]+A[0] [1])*Cov[1][0])+
Af0] [11x(A[0] [0]%Cov [0] [1]+A[0] [1]*Cov (1] [1]));

k2 = sqrt(A[1) (02*(A[1] [0]*Cov[0] [0]+A[1] [1]*Cov[1][0])+
A[1) [1)*(A{11[0]*Cov [0] [11+A (1] [1]*Cov (1] [1]1));

if (k1 > k2) {
Large_sigma = k1;

Small_sigma = k2,
)
else {

Large_sigma = k2;

Small_sigma = k1;
}

/* Calculate the CEPMPI */
CEPMPI = 0.614*Small_sigma + 0.563xLarge_sigma;

/* Calculat= the BIAS =/
BIAS = sqrt(bl*bl*b?*b?);

/* Calculate V */
V = BIAS/CEPMFI;

/* CALCULATE RANDCEP */
RANDCEP = CEPMPI*(1.0039 - .0528*V + .4786%V*V - ,0793*VkV*V);

return (RANDCEP) ;

/* cep3.c */

/* This CEP method is given in the Ethridge ACSC paper. It is
listed as CEP method #3, so I call it the cep3 method. It is
based on a Rayleigh distribution and uses radial miss
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distance. */

#include <stdio.h>
#include <math.h>

main()

{
FILE *in,*out; /* pointers for external files */
float radial15]; /* radial error */
float x,y; /* x and y scores */
float CEP3; /* stores the newly estimated cep */
float sum; /* sums radial miss scores */
int i,j,n; /* counter variables */

float avg,bigsum;

in = fopen(“tweak.dat", "r");
out = fopen("cep3.dat", "w")

/* for a sample size of 10 */
n = 10;
bigsum = 0.0;
for (i=0;1<1000;14+){
sum = 0.0;
for (3=0;3<n;;++) {
fscanf(in, "%t %f",&x,&y);
radial{j] = sqrt(x*xx + y*y):
sum += radial(j];
}
CEP3 = .9394x*(sum/(float)n);
bigsum += CEP3;
’
avg = bigsum/1000.;
fprintf(out,"15 %f\n",avg);
fprintf(out,”10 %f\n",avg);
fprintf(out,"7 %f\n",avg);
fprintf (out,"S %f\n",avg);
fprintf(out,"3 “f\n",avg);

fclose(in);
fclose(out);

return;
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/* eth.c */

/* This program implements Ethridge’s robust estimator as presented
in his ACSC paper. */

#include <stdio.h>
#include <math.h>

float ETHRIDGE(float rlist[15],int n);

main()
{
FILE *in,*out; /* pointers for external files */
int 1,3,n; /* counter variables for loops and such */
float x,y; /* (x,y) miss scores */
float rlist[15]; /* stores radial miss distances */
float CEPETH; /* CEP of the Ethridge method */

fleat avg,sum;

in = fopen("tweak.dat", "r");
out = fopen(“eth.dat", "w");

/* for a sample size of 15 */
n = 15;
sun = 0.0;
for (1=0;1<650;1++) {
for (3=0;j<n;j++) {
fscanf(an,"%f %", &x,&y);
rlist[3] = sqrt(x*x + y*y);
}
CEPETH = ETHRIDGE(rlist,n);
sum += CEPETH;
}
avg = sum/650.;
fprintf (out,"%d %f\n",n,avg);

/* for a sample size of 10 */
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rewind(in);
n = 10;
sum = 0.0;
for (i=0;1<1000;1i++) {
for (3=0;j<n;j++) {
fscanf(in,")f %f",&x,&y);
rlist(j] = sqrt(x*x + y*y);
if (rlist(j]) < t1.) rlist[j] = 1.;
1
CEPETH = ETHRIDGE(rlist,n);
sum += CEPETH;
}
avg = sum/1000.;
fprintf (out,"%d %f\n",n,avg);

/* for a sample size of 7 */
rewind(in);
n =71,
sum = 0.0;
for (1=0;i<1000;1++) {
for (j=0;j<n;j++) {
fscanf(in,"Uf %f",&x,&y);
rlist(j] = sqrt(x*x + y*y);
1f (rlist(j] < 1.) rlist(j) = 1.;
}
CEPETH = ETHRIDGE(rlist,n);
sur += CEPETH;
)
avg = sum/1000.;
tprantf (out,"%d %f\n",n,avg);

/* for a sample size of & */
rewind(in);
n = 5;
sum = 0.0;
for (i=0;1<2000;i++) {
for (j=0;j<n;j++) {
fscanf (an,"%f A", &x,&y);
rlist(j] = sqrt(x*x + y*y);
if (rlist[j] < 1.) rlist(j) = 1.;
}
CEPETH = ETHRIDGE(rlist,n);
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sum += CEPETH;
}
avg = sum/2000.;
fprintf(out,"%d %f\n",n,avg);

/* for a sample size of 3 */
rewind(in);
n=3;
sum = 0.0;
for (1=0;1<3300;1++) {
for (j=0;j<n;j++) {
fscanf(in,"Uf Af",&x,&y);
rlist(j] = sqrt(x*x + yxy);
1f (rlist(3] < 1.) rlist(j]) = 1.;
+
CEPETH = ETHRIDGE(rlist,n);
sum += CEPETH;
}
avg = sum/3300.;
fprintf(out,"%d %f\n",n,avg);

fclose(an);
fclose(out);

return;

float ETHRIDGE(float rlist[15),int n)
1

int r,s; /* cuunter var ables for loops and such */
int detect; /* used to str_ e locaticn ia sorted array */
flcat t[15]); /* store log of radial miss distances */
float temp[15]; /* a temporary array */

float min; /* stores minimum value in sort array */
float CEPETH; /* stores the CEP estimate for this method */
float tdot; /* sample median */

float tbar; /* the mean of the t’s */

float kstop; /* numerator term of kurtosis calculation */
float ksbottom; /* denominator term of kurtosis calculation */
float ks; /* kurtosis */

float ssquare; /* sample variance */

float tsg; /* sum of the t-squared terms */




float d[15]; /* stores the array of d-values =/

float dstuff; /* used in calculation of d-values */
float w[15]; /* stores the array of w-values */

float dinvsum; /* sum of the inverse d-values */

float muhat; /* estimate of mu */

float tdiff; /* stores difference between t and tbar */

/* sort array of radial errors, rlist (in ascending order) */
for (r=0;r<n;r++) {

min = 10000.;

for (s=0;s<n;s++) {

if (rlist(s] <= min) {

temp(r] = rlistls];
min = rlistls];
detect = s;
}
}
rlist[detect] += 100000.;
}
/* convert sorted radial miss array to log values */
for (r=0;r<n;r++)
t(r] = log(temp(r]);
/* calculate sample median, tdot */
if (n % 2 ==0)
tdot = (t[n/2)+t[(n/2)-1))/2.;
else
tdot = t{(n-1)/2];
/* calculate tbar, the mean */
tbar = 0.
for (r=0;r<n;r++)
tbar += t[(r];
ttar = tbar/(float)n;
/* calculate kurtcsis, ks */

kstop = 0.;
ksbottom = 0.;
for (r=0;r<n;r++) {
tdiff = t{r]-tbar;
kstop += tdiff+«tdiff*tdiff+tdiff;



ksbottom += tdiff*tdiff;
by
kstop = kstop*(float)n;
ksbottom = ksbottom*ksbottom;
ks = kstop/ksbottom;

/* calculate sample variance, ssquare */
tsq = 0.;
for (r=0;rdn;r++)
tsq += (t{rl-tbar)*(t[r)-tbar);
ssquare = tsq/((float)n-1.);

/* calculate d-values */
for (r=0;r<n;r++) {
dstuff = 1.-(.03)*(ks-3.)*(ks-3.)*(ks-3.)=*
(t[r]-tdot)*(t[r]-tdot)/ssquare;
1f (dstuff > 0.01)
d(r] = dstuff;
else
d(r]} = 0.01%;
¥

/* calculate the w-values */
dinvsum = 0. ;
for (r=0;r<n;r++)
dinvsum += (1./d([r]);

for (r=0;r<n; ;r++)
wir] = (1./d(r))/dinvsum;

/* calculate muhat #*/
muhat = 0.;
for (r=0;r<n;r++)

muhat += w(r]=*t(r];

/* calculate the Ethridge estimator */
CEPETH = exp(muhat);

return (CEPETH);

A batch file linked the above files into one continuous process.




It is listed as follows:

/* cep.bat */

tweak
exact
grubbs
cep3
eth
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Appendix C. Data Vulidation Program

There were two streams of standard normal random numbers that were pro-
duced by the SLAA IT software package. The following C program compares the
data to a standard normal distribution. Both random number streams should have
means of zero and standard deviations of one. The empirical cumulative distribu-
tion function should also conform closely to that of the standard normal distribution.
The € progrant partitions the data into 14 intervals to analyze the frequency of the
numbers falling into these intervals. These frequencies are comparved to standard

mathematical table values of the standard normal cumulative distribution funetion.
/* valid.c */

/* This program produces that data necessary to validate the
two SLAM II random number streams as standard normal */

#include <=stdio.h>
#include <math.h>

rain()
{
FILE *inl,*1n2,*out;
int 1,3,p1t[14](2]={0};
float x,y,xbar,ybar,sx,sy,sumx,sumy,prob[14][2];

inl = fopen('"x.dat", "r");
in2 = fopen("y.dat", "r");
out = fopen(“valid.dat", "w"');

/* calculate means for x & y */
sumx = 0.;
sumy = 0.;

for (i=0;1<10000:i++) {
fscanf(inl,"%f",&x);
fscanf (in2,"%f",&y);
sumx *= X;




/*

/*

sumy 4= y;

¥

xbar = sumx/10000.;
ybar = sumy/10000.;

calculate standard deviations of x & y */
rewind (in1);

rewind(in2);
sx = 0.,
sy = 0.;

for (1=0;1<10000;1++) {
tscanf(inl,"%f",&x);
fscanf(in2,"%f",&y);
sx += (x-xbar)*(x-xbar);
sy += (y-ybar)*(y-ybar);

}
sx = sqrt(sx/9999.);
sy = sqrt(sy/9999.);

calculate cumulative probability densities */
rewind(inl);
rewind(in2);

for(i=0;1<10000;i++) {
fscanf(inl,"%f" &x);
fscanf (in2,"%f",&y);
if(x <= -3.) pit[0]1[0]++;
1f(y <= -3.) pit[0] [1]++;
if(x <= -2.5) pit[1][0]++;
if(y <= =2.5) pit{1])[1]++;
1f(x <= -2.) pit[2] [0]++;
1£(y <= -2.) pit{2][1]++;
1f(x <= -1.5) pit[3][0]++;
1f(y <= -1.5) pit(3][1]++;
1f (x <= -1.) pit([4)[0]++;
1f(y <= -1.) pit{4][1]++;
if(x <= -.5) pit[5])[0]++;
if(y <= =.5) pit[6][1]++;
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if(x < 0.) pit[6][0]++;
if(y < 0.) pit[6](1]++;
if(x < .5) pit[7][0]++;
if(y < .5) pit[7][1]++;
if(x < 1.) pit(8)[0]++;
if(y < 1.) pit[8][1]++;
if(x < 1.5) pit[9] (0] ++; E
if(y < 1.5) pit[9][1]++;
if(x < 2.0) pit(10](0]++;
if(y < 2.0) pit[1C) [1]++;
if(x < 2.5) pit[11][0]++;
if(y < 2.5) pit(11][1]++;
1f(x < 3.0) pit[12][0]++;
if(y < 3.0) pit[12][1]++;
if(x < 6.0) pit[13][0]++;
if(y < 6.0) pit[13][1]++;

¥

for (1=0;1<14;1+4+)
for (j=0;j<2;j++)
probl[i1]{j] = (float)pit[i][3j1/10000.;

for (i=0;1<14;i++) {
fprintf (out,"2d %6f %6f\n",
i+1,prob(i) (c],prob[il1[11);

}

fprintf(out,”xbar: %f ybar: %f\n", xbar,ybar);
fprintf(out,"sx: %f sy: Af\n",sx,sy);

fclose(inl);
fclose(in2);

fclose(out);

return;
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Appendix D. Correlation Study

A correlation study was made with the random number streams from the SLAM
I1 random number generator. This study looks at the first 1000 (x,y)-points to .calcu-
late the correlation coefficient. The two data streams were generated independently
and should have a correlation of zero. This analysis concluded that the correlation
between these two random number streams is approximately zero and, therefore, the

two streams are uncorrelated.

Two (' programs were written to make the necessary calculations. The first
C" program is called “corr.c”. “core.c” conducted independent studies of the 1000
points for each of the seven sample sizes. The second C program called “table.c”
took the correlations from “core.c” and summed them up into Table 3.3. The source

code far these two programs is given below.

/* corr.c %/

#include <stdio.h>
#include <math.h>

main()
{
FILE *in,*out;
int 1,3,k,m;
float x[1000],y[1000];
float xbar,ybar,rho,xdiff,ydiff,f1,£2,£3;
float xsum,ysum;

in = fopen(“'xydata.dat", “r");
out = fopen('corr.dat", "w");

fprintf(out,“CORRELATION ANALYSIS ");
fprintf(out,"BETWEEN THE X & Y SCORES\n\n\n");
fprirtf(out,'SAMPLE RUN\n");

fprintf(out," SIZE NUMBER CORRELATION\R");
forintflout,"===-~- = =-==-==  —-cco--o--- \n")




for (i=0;1<1000;i++) fscanf(in,"%f %f",&x[1],&y(i]);

k = 0;
for (i=0;i<200;i++) {
xsum = ysum = f1 = £2 = £3 = 0.;
for (j=0;3<5;j++) {
xsum += x[k];
ysum += y[k];
k++;
}
xbar = xsum/5.;
ybar = ysum/5.;
k -= 5;
for (3=0;j<5;3++) {
f1 += (x[k]-xbar)*(y[k]-ybar);
£2 += (x[k]-xbar)*(x[k]-xbar);
£3 += (y[k]-ybar)*(y[k]-ybar);

k++;
}
tho = f1/(sqrt(£2*£3));
fprintf(out,” 5 %3d %5.2f\n",i+1,rho);
}
k = 0;

for (1=0;1<100;i++) |
xsum = ysum = f1 = £2
for (j=0;j .;j++) {
xsum += x[k];
ysum += y[k];
k++;

= £f3 =0.;
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}

xbar = xsum/10.;

ybar = ysum/10.;

k -= 10;

for (j=0;3j<10;3++) {
f1 += (x{k]-xbar)*(y[kl-ybar);
£2 += (x[k]-xbar)*(x[kl-xbar);
£3 += (y[k)-ybar)*(y[k]-ybar);
k++;

}




tho = £1/(sqrt(£f2*£3));
fprintf(out,” 10 %.3d %5.2f\n",i+1,rho);
}

k = 0;
for (i=0;i<50;1++) {
xsum = ysum = f1 =
for (j=0;3j<20;j++) {
xsum += x[k];
ysum += y[k];
k++;
b3
xbar = xsum/20.;
ybar = ysum/20.;
k -= 20;
for (j=0;3j<20;j++) {
f1 += (x[k]-xbar)*(y[k]-ybar);
£2 += (x(k]-xbar)*(x[k]-xbar);
£3 += (y[k])-ybar)*(y[k]-ybar);

2=13=0.;

k++;
}
rho = f1/(sqrt(£2*£3));
fprintf(out,”" 20 %24 %5.2f\n",1+41,xho);
}
k =0;

for (1=0;1i<40;i++) {
xsum = ysum = f1 = f
for (j=0;3j<25;j++) {
xsum += x[k];
ysum += y[k];
k++;
}
xbar = xsum/25.;
ybar = ysum/25.;
k -= 25;
for (j=0;j<25;j++) {
f1 += (x[k]-xbar)*(y[k]-ybar);
£2 4= {au[k]-xbar)*(x[k]-xbar);
£3 += (y[k]l-ybar)*(y[k]-ybar);
K+

t

}

2=13=0.;

]
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tho = f1/(sqrt(£2*£3));
fprintf(out," 25 %2d
}

k=0,
for (1=0;i1<20;i++) {
xsum = ysum = f1 = £2 = £3 = 0.;
for (j=0;3<50;j++) {
xsum += x[k];
ysum += y[k];

k++;
}
xbar = xsum/50.;
ybar = ysum/50.;
k -= 50;

for (j=0;3j<50;j++) {
f1 += (x[k]-xbar)*(y[k]-ybar);
£2 += (x[k]-xbar)*(x[k]-xbar);
£3 += (y[k]-ybar)*(y[k]-ybar);

k++;

)2
rho = f1/(sqrt(f2*£3));
fprintf(out," 50 %2d
}
k = 0;

for (i1=90;1<10;1++) {
xsum = ysum = f1 = £2 = £3 = 0.
for (3=0;3j<100;j++) {
xsum += x[k];
ysum += y(k];
k++;
}
xbar = xsum/100.;
ybar = ysum/100.;
k -= 100;
for (j=0;3<100;j++) {
£1 += (x[k]-xbar)*(y[k]-ybar);
£2 += (x[k]-xbar)*(x[k]-xbar);
£3 += (y[k]-ybar)*(y[k]-ybar);
k++

n

%5.2f\n",1+1,rho);

%5.2f\n",i+1,rho);




rho = f1/(sqrt(f2*£3));

fprintf (out,"” 100 %2d %5.2f\n",1+1,rho);
}

k= 0;
for (i=0;1<2;1++) {
xsum = ysum = f1 = f2 = £3 = 0.;
for (j=0;j<500;3j++) {
xsum += x[k];
ysum += y[k];
k++;
}
xbar = xsum/500.;
ybar = ysum/500.;
k -= 500;
for (j=0;3j<500;j++) {
f1 += (x[k]-xbar)*(y(k]~-ybar);
£2 += (x[k]-xbar)*(x[k]-xbar);
£3 += (y[k]-ybar)*(y[k]l-ybar);

k++;
b
tho = £1/(sqrt(£2*£3));
fprintf (out," 500 %d %5.2f\n",1+1,rho);
}
k = 0;

for (1=0;i<1;i++) {
xsum = ysum = f1 = £2 = £3 = 0.;
for (j=0;3<1000;j++) {
xsum += x[k];
ysum += y[k];
K++;
}
xbar = xsum/1000.;
ybar = ysum/1000.;
X -= 1000;
for (jJ=0;3<1000;j++) {
f1 += (x[k)-xbar)*(y(k]-ybar);
£2 += (x[k]-xbar)*(x[k]~-xbar);
£3 += (y[k]-ybar)*(y[k]-ybar);

k++

D-5




/*

/*

rho = f1/(sqrt(f2*£3));

fprintf(out," 1000 %d %5.2f\n",i+1,rho);

}

fclose(in);
fclose(out);

return;

table.c */

This program generates a table which contains the
frequency distribution of correlation of given
ranges for several sample sizes. */

#include <stdio.h>

nain()

{

FILE *in,*out;

int i,j,size,num,m(20] [8)={0};
float avg5,avgl0,avg20,avg25;
float avgb50,avgl00,avg500,avgl000;
float corr;

avgS = avgl0 = avg20 = avg25 = avgh0 = 0.;
avgl00 = avgs00 = avgl000 = 0.

in = fopen("corr.dat", "r");
out = fopen("newtable.dat", "w");

fprintf(out," X,y ");
fprintf(out,"CORRELATION ANALYSIS\n\n");
fprintf(out," NUMBER OF ");

fprintf (out,"0BSERVATIONS PER SAMPLE SIZE\n\n");
fprintf(out," RANGE | 5 10 20 25 ");

fprintf(out,”SO 100 500 '");
fprintf(out,"1000\n");
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fprintf(out,"====cv=m-- |emmme e cmcne meeea "y,
fprintf(out,"-=--- -==-= ----- "y,
fprintf(out,"----- \n");

for (i=0;1<200;i++) {
fscanf(in,"%d %d Y%f",&size,&num,&corr);
avgd += corr;
if (corr >= .9) m[0][0]++;

if (corr >= .8 && corr < .9) m{1][0]++;
if (corr >= .7 && corr < .8) m[2] [0]++;
if (corr >= .6 && corr < .7) m[3][0]++;
if (corr >= .5 && corr < .6) m[4][0]++;
if (corr >= .4 && corr < .5) m([5][0]++;
if (corr >= .3 &% corr < .4) m[6][0]++;
if (corr >= .2 && corr < .3) m[7][0]++;
if (corr >= .1 && corr < .2) m[8][0]++;
if (corr >= 0. && corr < .1) m[9][0]++;

if (corr > -.1 && corr < 0) m[10] [0]++;

if (corr > -.2 && corr <= -.1) m[111[0]++;
if (corr > -.3 && corr <= -.2) m[12] [0] ++;
if (corr > -.4 && corr <= -.3) m[13])[0]++;
if (corr > -.5 && corr <= -.4) m[14][0]++;
1f (corr > -.6 && corr <= ~.5) m[15][0]++;
if (corr > -.7 && corr <= -.6) m[16] [0]++;
if (corr > -.8 && corr <= -.7) m[17])[0)++;
if (corr > -.9 && corr <= -.8) m[18][0]++;
if (corr > -1. && corr <= -.9) m[19] [0]++;

}
avg5 = avg5/200.;

for (1=0;1<100;i++) {
fscanf (in,"¥%d %d %f",&size,&num,&corr);
avgl0 += corr;
if (corr >= .9) m[0][1]++;
if {corr >= .8 &% corr < .9) m[1][1]++;

1f (corr »>= .7 && corr < .8) m[2][1])++;
if (corr >= .6 && corr < .7) m{3][1])++;
if (corr >= .5 && corr < .6) m[4][1]++;
if (corr >= .4 && corr < .5) m[S][1]++;
1f (corr >= .3 && corr < .4) mi6] [1]++;
1f (corr >= .2 && corr < .3) m([7])[1]++;
if (corr >= .1 && corr < .2) m[8][1]++;
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.9) m{o][2]++;
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.9)
.8)
.7
.6)
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.3)
.2)
1)
0)

m{10] [1]++;

1)
.2)
.3)
.4)
.5)
.6)
.7)
.8)
.9)

n{11] [1]++;
n[12][1]++;
n(13) [1]++;
m(14] (1] ++;
m{15]) (1)++;
n(16] [1]++;
m(17][1]++;
m(18] (1] ++;
m{19][1]++;

m{1]) [2]++;
m(2] [2]++;
m(3] [2]++;
m{4]) [2]++;
m[5] [2]++;
m[6] [2]++;
m[7] [2]++;
m{8] [2]++;
m[9] [2]++;
m[10] [2]++;

1)
.2)
.3)
.4)
.5)
.6)
.7)
.8)
.9)

fscanf(in,"%d %d %f",&size,&num,&corr);

m{11] (2] ++;
m(12] [2] ++;
m[13][2] ++;
m[14] [2]++;
m(15] [2] ++;
m(16][2] ++;
m{17] (2] ++;
m{18] [2] ++;
m[19][2]++;




avg25b += corr;
if (corr >= .9) m(0] [3)++;
if (corr >= .8 && corr < .9) m(1)[3]++;

if (corr >= .7 && corr < .8) m[2]([3])++;
if (corr >= .6 && corr < .7) m[3][3]++;
if (corr >= .5 && corr < .6) m[4)[3]++;
if (corr >= .4 &% corr < .5) m[S][3]++;
if (corr >= .3 &% corr < .4) m[6][3]++;
if (corr >= .2 && corr < .3) m[7)[3]++;
if (corr >= ,1 && corr < .2) m[8][3)++;
if (corr >= 0. && corr < .1) m[9]([3]++;
if (corr > -.1 &% corr < 0) m[10] [3]++;
1f (corr > -.2 && corr <= -.1) m[11])[3])++;
if (corr > -.3 &% corr <= -.2) m[12] [3]++;
if (corr > -.4 && corr <= -.3) m[13][3]++;
if (corr > -.5 && corr <= -.4) m[14] (3]++;
it (corr > -.6 && corr <= -.5) m[15][3]++;
if (corr > -.7 && corr <= =-.6) m[16] [3]++;
1f (corr > -.8 && corr <= -.7) m[17]1 (3] ++;
if (corr > -.9 && corr <= -.8) m(18] [3]++;
if (corr > -1. && corr <= -.9) m{19] [3]++;

}
avg2s = avg25/40.;

for (i=0;1<20;14+) {
fscanf(in,"%d %d %f",&size,&num,&corr);
avg50 += corr;
if (corr >= .9) m{0] (4)++;
if (corr >= .8 && corr < .9) m[1])([4]++;

if (corr >= .7 && corr < .8) m[2][4]++;
if (corr >= .6 && corr < .7) m[3][4]++;
if (corr >= .5 && corr < .6) m[4][4]++;
if (corr >= .4 && corr < .5) m{5](4]++;
if (corr >= .3 &k corr < .4) m[6][4]++;
if (corr >= .2 && corr < .3) m[7][4])++;
if (corr >= .1 && corr < .2) m(8][4]++;
if (corr >= 0. && corr < .1) m(9][4]++;
if (corr > -.1 &% corr < 0) m[10][4]++;
if (corr > -.2 && corr <= -.1) m[11] [4]++;
1f (corr > -.3 && corr <= -.2) m[12] [4)++;
if (corr > -.4 && corr <= -.3) m[13] [4]++;
if (corr > -.5 && corr <= -.4) m{14][4]++;

D-9




if (corr > -.6 && corr <= -.5) m{15] [4]++;
if (corr > -.7 &% corr <= -.6) m[16] [4]++;
if (corr > -.8 && corr <= -.7) m[17] (4] ++;
if (corr > ~.9 && corr <= -.8) m[18] [4]++;
1f (corr > -1. && corr <= -.9) m[19][4]++;

}
avg50 = avg50/20.;

for (i=0;i<10;i++) {
fscanf(in,"%d %d 4f",&size,&num,&corr);
avglQ0 += corr,;
if (corr >= .9) m[0][5]++;
if (corr >= .8 && corr < .9) m[1][5]++;

if (corr >= .7 && corr < .8) m[2][5]++;
if (corr >= .6 && corr < .7) m[3](5]++;
if (corr >= .5 && corr < .6) m[4][5]++;
1f (corr >= .4 && corr < .5) m[5][5])++;
if (corr >= .3 && corr < .4) m[6][5]++;
1f (corr >= .2 &% corr < .3) m[7]([5)++;
if (corr >= .1 && corr < .2) m([8](5)++;
1f (corr >= 0. && corr < .1) m[9][5]++;
if (corr > -.1 &% corr < 0) m[10][5]++;
if (corr > -.2 && corr <= -.1) m[11][S]++;
if (corr > -.3 && corr <= -.2) m[12] [5]++;
if (corr > -.4 && corr <= -.3) m[13] [5]++;
if (corr > -.5 && corr <= ~.4) m[14] [5]++;
1f (corr > -.6 && corr <= ~.5) m[15] [5)++;
1f (corr > -.7 && corr <= -.6) m{16] (5] ++;
if (corr > -.8 && corr <= -.7) m[17] [5])++:
if (corr > -.9 && corr <= -.8) m[18] [5]++;
if (corr > -1. && corr <= -.9) m[19] [S]++;

}
avg1u0 = avgl00/10.;

for (i=0;1<2;1++) {

fscanf(in,"%d %d %f",%size,&num,&corr);
avgb00 += corr;

if (corr >= .9) m([0] [6]++;

if (corr >= .8 && corr < .9) m[1][6]++;
if (corr >= .7 &% corr < .8) m[2][6]++;
if (corr >= .6 && corr < .7) m[3])[6]++;
1f (corr >= .5 && corr < .6) n(4][6]++;




if
if
if
if
if
if
if
if
if
if
if
if
if
if
if

}

(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr

Vv V V V V V V V VYV

- W o

W W N VP W

1
_ .

&&
&&
&&
&&
&k
&&
k&
&&
k&
&&
&&
&&
&&
&&

. &&

avg500 = avg500/2.;

for (i=0;i<1;i++) {
fscanf(in,"%d %4 %f",&size,&num,&corr);
avgl000 += corr;

if
if
if
if
if
if
if
if
if
1f
1f
if
if
if
if
if
if
if
if
if

(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr
(corr

Vv VvV VWV VvV VW VWV V V V VvV

Wb OO

WO W N ;Mmbd W

&&
&&
&&
43
&&
&&
&&
&&
&&
&&
&&
&&
&&
&&
&&
&&
&&
&&

. &&

corr
CcoIr
CoIr
Corr
COoIrxr
corr
corr
corr
corr
COoIr
CoIrr
corr
COoTr
corr
COorIr

COoTIr
COorrxr
corr
corr
corr
corr
Corr
corr
corr
corr
COoIr
corr
corr
corr
corr
COIT
corr
corr
corr

<
<

A A A A A AN ANANA

.5)
.4)
.3)
.2)
1)
0)

-9) m[0][7]++;
.8

.9)
.8)
7)
.6)
.5)
.4)
.3)
.2)
1)
0)

m{s] [6]++;
m[6] [6]++;
n(7][6]++;
m(8) [6]++;
m(9] [6]++;
m{10] [6]++;

1) m[11][6]++;
.2) m[12] [6]++;
.3) m{13) [6]++;
.4) m[14][6]++;
.5) m[15] [6]++;
.6) m(16] [6]++;
7)Y m{17] (6] ++;
.8) m[18] [6]++;
.9) m[19] [6]++;

m{1] [7]++;
m(2] [7]++;
m{3] [7]++;
m[4] (7] ++;
m(5] [7]++;
m(6] [7]++;
m(7) [7]++;
m(8) [7]++;
m[9]) [7]++;
m{10] [7]++;

1) m{11][7]++;
.2) m[12] [7]++;
.3) m[13] [7]++;
.4) m(14][7]++;
.5) m{15] (7] ++;
.6) m[16] [7]++;
7)Y m{17) [7])++;
.8) m{18] [7]++;
.9) m[19] (7] ++;
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fprintf(out," [.9,1] | %3d%6d4%6d%64d%64%64%64%6d\n", , o o
m[01(0] ,m{0] [1],m[0](2),m{0] [3],m(0] (4], - ' I
m[0)(5],m{0)[6],m{0](7]);

fprintf (out,” [.8,.9) | %3d%6d%6d%6d%64%6d%6d%6d\n",
m({1){0] ,m{1](1],m{1] (2] ,m(1] (3] ,m(1] (4],

m(01(5] ,m{1](6]),m(1][7]);

fprintf Cout," [.7,.8) | %3d%edY6d%e6duedle6dledyed\n",
m({2])[0] ,m[2] (1] ,m[2] (2] ,m(2] (3],m([2] (4],

m[2) (5] ,m(2] (6],m[2](7]);

fprintf (out," [.6,.7) | %3d%6d4%6d4%64%6d4%64%64%6d\n",
m[3100] ,m(3101],m(33(2],m([3][3],m[3] [],
m([3](5]) ,m(3) (6] ,m[3](7]);

fprintf (out,” [.5,.6) | %3d%6d%€d%64)6d4%6d%6d%6d\n",
m(4)(0],m(4][1]),m[4] (2] ,m([4] [3],m([4] [4],

m(4) (5] ,m(4][6),m[4](7]);

fprintf (out," [.4,.5) | %3d%6d%6d%6d%6dY%6d%6d%6d\n",
m[5100],m(5] (1),m[5](2],m(5) [3],m[S] (4],

ms](s] ,m(5][6],mLB](7]);

fprintf(out," [.3,.4) | Y3d%6d%6d%6dY6d%6d%5d%6d\n",
m{6300],m(6][1),m{6]([2],m([6][3],m[6] (4],

m(6)(5] ,m(6](6],m(6](71);

fprintf (out,” [.2,.3) | %3d%6d%6d%6d%6d%6d%6d%6d\n",
m(7300) ,m(7](1),m[7][2],m(7] (3],n(7] (4],

m(7](5] ,m{72(6),m(7](7]);

fprintf(out," [.1,.2) | %3d%6d%6d%6d%6d%6d%6d%6d\n",
m(8](0] ,m(8][1],m(8][2],m(8] (3],m(8] (4],

m[8)(5] ,n(8](6],m[8]([7]);

fprintf (out," [0,.1) | %3d%6d'6d%6d4%6d%64%64%6d\n",
m([9]{0] ,m[9] [1],m[9] (2] ,m(9] [3],m([9] (4],
m{91(5] ,m(9] [6],m[9](7]);

fprintf (out,” (-.1,0) | %3d%6d%6d4%6d%6d4%64%6d%6d\n",
m(10} (0] ,m{10] (1] ,m[10] (2),m{10] [3],m[10] (4],
m{10)[5],m(10][6] ,m{10] [7]);

fprintf(out,"(-.2,-.1] | %3d%6d%6d%6d%6d%6d%6d%6d\n",
m(11] (0] ,m(11] (1] ,m({113[2]),m(11] (3] ,m(12] (4],

m{11) (5] ,m(11] (6] ,m[11] [7]);

fprintf(out,"(-.3,-.2] | %3d%64d%6d%6d%64%64%64%6d\n",
m(12][0],m(12] (1] ,m([12]) [2],m[12] (3] ,m[12] (4],

m{12) (5] ,m(12] (6] ,m(12] [7]);

fprintf (out,"(~.4,~.3) | %3d%64%6d4%6d%6d4%6d%6d%6d\n",
m[13100) ,m[13](1],m(13)(2],m[13)(3],m(13] (4],
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m(13][5],m(13])(6],m[13])(7]);

fprintf(out,"(-.5,-.4] | %3d%6d%6d%6d%6d%6d%6d%6d\n",
m[14) (0] ,m[14] (1] ,m(14] [2],m([14] (3] ,m(14] (4],

m(14] [5],m[14) (6] ,m{141[7]);

fprintf (out,"(-.6,-.5] 1| %3d%6d%6d%6d%6d%64%64%6d\n",
m{15] (0] ,m{151 (1] ,m(15] (2] ,m(15] [3] ,m[15] (4],

m(15] (5] ,m[15) (6] ,m([151(7]);

fprintf (out,"(-.7,~-.6) | %3d%6d%6d%6d4%6d%64%64%6d\n",
m{16] (0] ,m{16] (1] ,m[161[2]),m[16][3] ,m(16] [4],

m[16] [5]) ,m(16] (6] ,m([16]1(7]);

fprintf(out,"(-.8,-.7] | %3d%6d%6d%6d%6d%6d%6d%6d\n",
m(17) (0] ,m{17] (1] ,m[17] (2] ,m[17] (3] ,m(17] (4],

m(17] (5] ,n[17] (6] ,m[17] (7]);

fprintf (out,"(-.9,-.8) | %3d%6d%6d%6d%6d%6d%6d%6d\n",
m[18] (0] ,m(18][1] ,m[18] [2],m[18] [3],m[18] (4],

m(18] (5] ,m{18) (6] ,m[18][7]);

fprintf(out," [-1,-.9] | %3d%6d%64%6d%64%6d%64%6d\n",
m[19) [0),m[19] (1] ,m[19] (2] ,m[19][3],m[19] [4],

m(19] (5] ,m{19] (6] ,m[19] [7]);

fprintf(out," --------------------------------------- "y
fprintf (out ,"---=-=--=- oF
fprintf(out,"~-===w-~- \n\n");

fprintf(out," MEAN %5.2£%6.2£%6.2£%6 .2£%6 . 2£%6 . 2",
avg5,avgl0,avg20,avg?5,avg50,avgl00);
fprintf (out,"%6.2£%6.2f\n",avg500,avg1000);

fclose(in);
fclose(out);

return,;




Appendix E. CEP FEstimates

This Appendix lists the CEP estimates for each of the 875 test design points.
The names of the four parameters and the names of the CEP estimation methods

for this experiment are abbreviated in the table headings as follows:

Test Point - TP
Paramcters

Sample Size - §S

Bias - Bias

Ellipticity - Ell

Correlation - Corr

Estimation Methods

Exact - Exact

Grubbs-Patnaik/chi-squarc method - Grubbs
Modified RAND-234 method - Rand
Ethridge method - Eth

CEP3 method - CEP3

TP 5SS Bias Ell Corr Exact Grubbs Rand Eth CEP3

]
[)
¢
!
3
]
]

R GaBe CeemEmEe SmEmeEE S Em e -

1 3 0.00 1.0 0.00 1000.0 1080.4 1082.7 9€9.5 1002.2
2 3 0.00 1.0 0.40 1002.0 1076.2 1083.2 969.5 1002.2
3 3 0.00 1.0 0.70 1002.0 1075.9 1082.5 969.5 1002.2
4 3 0.00 1.0 0.85 1002.0 1078.2 1082.0 969.5 1002.2
5 3 0.00 1.0 1.00 1002.0 1076.4 1081.3 969.5 1002.2
6 3 0.00 0.8 0.00 898.4 988.1 974.7 873.0 904.5
7 3 0.00 0.8 0.40 902.2 988.8 976.5 873.0 904.56
8 3 0.00 0.8 0.70 905.3 983.3 978.0 873.0 904.5
S 3 0.00 0.8 0.85 906.3 982.3 978.2 873.0 904.5
i0 3 0.00 0.8 1.00 906.7 976.5 978.0 873.0 904.5
11 3 0.00 0.6 0.00 793.1 904.7 869.0 779.0 813.9




TP
12
13
14
15

16
17
18
19
20

21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
a9
40
41
42
43
44
45
46
47
48
49
50
51

SS

mwwwwwwwwmwwwwwwummwwwwmwwwwwwwwwwmmwwww|

Bias
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.25
.50

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Ell

HOOOOOOOOOOOOOOOOOOOOHHHHHOOOOOOOOOOOOOO

owwwww.a-.b.n-.b.bmmoscncnmoomooooooooowwwww.b.b.b.b.bmmmm

Corr
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00

OHOOOOHOOOOHOOOOHOOOO’-‘OOOOHOOOOHOOOOHOOO

Exact Grubbs
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TP SS Bias Ell1 Corr Exac Grubbs Rand Eth CEP3

52 3 0.50 1.0 0.40 1065.1 1147.5 1184.6 1026.5 1061.8
53 3 0.50 1.0 0.70 1065.0 1152.1 1184.2 1026.5 1061.8
54 3 0.50 1.0 0.85 1065.0 1149.7 1183.9 1026.5 1061.8
6 3 0.50 1.0 1.00 1065.0 1154.6 1183.6 1026.5 1061.8
56 3 0.50 0.8 0.00 960.1 1058.8 1080.0 932.0 967.5
57 3 0.50 0.8 0.40 966.5 1065.8 1083.0 932.0 967.5
58 3 0.50 0.8 0.70 973.1 1063.0 1086.8 932.0 967.5
59 3 0.50 ¢C.8 0.85 975.4 1060.4 1088.1 932.0 967.5
60 3 0.50 0.8 1.00 976.4 1059.1 1088.4 932.0 967.5
61 3 0.50 0.6 0.00 853.9 981.6 978.7 B39.9 880.6
62 3 0.50 0.6 0.40 871.4 984.7 988.6 839.9 880.6
63 3 0.50 0.6 0.70 892.2 982.1 1001.4 839.9 880.6
64 3 0.50 0.6 0.85 899.0 979.9 1005.6 839.9 880.6
65 3 0.50 0.6 1.00 901.6 973.5 1007.2 839.9 880.6
66 3 0.50 0.4 0.00 748.9 921.7 882.3 752.1 804.3
67 3 0.50 0.4 0.40 784.6 916.4 905.7 752.1 804.3
68 3 0.50 0.4 0.70 826.6 917.4 932.2 752.1 804.3
69 3 0.50 0.4 0.85 839.7 917.0 940.7 752.1 804.3
70 3 0.50 0.4 1.00 844.4 906.4 944.1 752.1 804.3
71 3 0.50 0.2 0.00 670.7 892.9 793.8 672.8 744.2
72 3 0.50 0.2 0.40 719.2 860.6 843.1 672.8 744.2
73 3 0.50 0.2 0.70 782.8 877.2 885.3 672.8 744.2
74 3 0.50 0.2 0.85 801.7 877.4 898.3 672.8 744.2
75 3 0.50 0.2 1.00 B08.3 865.2 903.8 6§72.8 744.2
76 3 0.75 1.0 0.00 1142.6 1216.3 1302.7 1100.0 1135.6
77 3 0.75 1.0 0.40 1144.6 1231.1 1303.6 1100.0 1135.6
78 3 0.75 1.0 0.70 1144.4 1234.7 1304.5 1100.0 1135.6
79 3 0.75 1.0 0.85 1144.4 1243.5 1304.6 1100.0 1135.%
80 3 0.75 1.0 1.00 1144.4 1242.9 1304.6 1100.0 1135.6
81 3 0.75 0.8 0.00 1039.4 1338.9 1202.5 1007.2 1045.0
82 3 0.75 0.8 0.40 1048.7 1149.3 1207.7 1007.2 1045.0
83 3 0.75 0.8 0.70 1059.1 1148.2 1214.7 1007.2 1045.0
84 3 0.75 0.8 0.85 1062.7 1154.2 1217.1 1007.2 1045.0
86 3 0.75 0.8 1.00 1064.1 1150.6 1217.9 1007.2 1045.0
86 3 0.75 0.6 0.00 934.2 1069.2 1106.1 917.2 962.2
87 3 0.75 0.6 0.40 957.4 1071.0 1119.7 917.2 962.2
88 3 0.75 0.6 0.70 985.3 1078.2 1137.1 917.2 962.2
89 3 0.75 0.6 0.85 994.5 1073.6 1143.0 917.2 962.2
90 3 0.75 0.6 1.00 998.0 1070.4 1145.2 917.2 962.2
9T 3 0.75 0.4 0.00 B34.2 1016.5 1015.2 832.2 890.3




TP
92
93
94
95
96
97
98
99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

SS

wwwmwuwwmwuwwmwwwwwwmw(nwwwwwwwumwmwwwwww

.75
.75
.75
.75
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.50
.50
.50
.50
.50
.50

El

OHHHHD—‘OOOOOOOOOOOOOOOOOOOOHHHHD—‘OOOOOOOOO
DO O DO ORNNNRNLDEEBEDEDOINANDDOPDODOOOOCONNNNNR DD

1

Corr
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
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TP

132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171

Ss
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Bias
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.5C
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00

MMNMMMMMMMMMMMMMMMMMMHP‘HH)—'HHHHHHHHHHI—-‘HHH

Ell

Corr
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00

OHOOOOHOOOOHOOOOHOOOOHOOOO#—‘*OOOO'—‘OOOOHOOO

Exact Grubbs

1477 .4 1523.3
1494.1 1525.6
1499.8 1530.4
1502.0 1538.6
1383.2 1468.4
1409.9 1469.1
1446.0 1456.4
1458.6 1454.8
1463.3 1457.2
1323.3 1431.5
1355.1 1409.2
1408.8 1411.6
1428.3 1402.5
1435.5 1380.5
1288.5 1409.1
1319.5 1386.0
1384.3 1406.6
1409.6 1386.9
1418.8 1329.7
1907.6 1898.7
1909.1 1895.4
1908.8 1884.7
1508.6 1902.8
1908.6 1899.5
1836.5 1847.9
1848.6 1830.7
1863.7 1811.7
1868.9 1811.5
1871.2 1810.9
1776.8 1804.7
1796.3 1768.8
1826.2 1758.0
1837.4 1737.0
1841.8 1718.5
1733.2 1775.8
17565.4 1736.0
1797.0 1716.2
1814.3 1686.0
1820.8 1641.4
1707.1 1755.5
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TP SS Bias Ell Corr Exact Grubbs Rand Eth CEP3
172 3 2.00 0.2 0.40 1730.6 1741.7 2078.5 1588.6 1620.5 _
173 3 2.00 0.2 U.70 1778.3 1742.5 2156.3 1588.6 1620.5
174 3 2.00 0.2 0.85 1800.3 1691.8 2180.4 1588.6 1620.5
175 3 2.00 0.2 1.00 1808.1 1585.7 2191.8 1588.6 1620.5
176 5 0.00 1.0 0.00 1000.0 1017.9 1047.9 942.7 1002.2
177 S5 0.00 1.0 0.40 1002.0 1011.2 1048.0 942.7 1002.2
178 S 0.00 1.0 0.70 1002.0 1012.3 1047.1 942.7 1002.2
179 S 0.00 1.0 0.85 1002.0 1011.7 1046.7 942.7 1002.2 .
180 S 0.00 1.0 1.00 1002.0 1009.4 1046.4 942.7 1002.2
181 5 0.00 0.8 0.00 898.4 939.3 942.5 849.0 904.5
182 5 0.00 0.8 0.40 902.2 940.2 944.2 849.0 904.5
183 5 0.00 0.8 0.70 905.3 932.3 945.9 849.0 904.5
184 S5 0.00 0.8 0.85 906.3 926.1 946.4 848.0 904.5
185 5 0.00 0.8 1.00 906.7 921.1 0846.4 849.0 904.5
18€ 5 0.00 0.6 0.00 793.1 869.7 838.1 756.7 813.9
187 & 0.00 0.6 0.40 805.1 872.0 846.0 7856.7 813.9
188 5 0.00 0.6 0.70 818.8 861.2 856.1 756.7 813.9
189 S5 0.00 0.6 0.85 823.4 855.3 859.4 756.7 813.9
190 5 0.00 0.6 1.00 825.0 844.3 860.6 756.7 813.9
191 S5 0.00 0.4 0.00 686.3 804.8 735.8 666.3 733.5
192 5 0.00 0.4 0.40 T714.7 803.,0 757.5 666.3 733.5
193 5 (¢.20 0.4 0.70 747.4 809.5 782.5 666.3 733.5
194 S5 0.00 0.4 0.85 757.7 799.5 790.5 666.3 733.5
195 5 0.00 0.4 1.00 761.3 781.1 793.7 666.3 733.5
196 5 0.00 0.2 0.00 ©599.6 779.4 638.3 580.8 668.6
197 S 0.00 0.2 0.40 643.. 743.0 688.6 ©580.8 669.6
198 S5 0.00 0.2 0.70 698.7 762.8 732.1 580.8 669.6
199 5 0.00 0.2 0.85 714.8 770.3 745.6 580.8 669.6
200 5 0.00 0.2 1.00 720.3 752.3 751.4 580.8 6€69.6
201 5 0.25 1.0 0.00 1015.8 1035.2 1075.5 954.4 1016.7
202 5 0.256 1.0 0.40 1017.8 1031.1 1075.6 954.4 1016.7
203 5 0.25 1.0 0.7C 1017.7 1033.7 1075.0 9%54.4 1016.7
204 5 0.25 1.0 0.85 1017.7 1037.9 1074.7 954.4 1016.7
205 5 0.25 1.0 1.00 1017.7 1034.8 1074.3 954.4 1016.7
206 5 0.2 0.8 0.00 913.7 955.6 971.3 861.5 919.9
207 5 0.25 0.8 0.40 918.1 959.4 973.4 861.5 918.S
208 5 (¢.25 0.8 0.70 922.0 955.4 975.9 861.5 918.9
209 5 0.25 0.8 0.85 923.5 956.6 976.6 861.5 919.9
210 5 0.25 0.8 1.00 924.0 945.9 976.8 861.5 919.9
211 5 0.25 0.6 0.00 808.0 889.5 868.3 770.1 830.3
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Exact Grubbs Rand Eth CEP3
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893.6 877.0 770.1 830
892.5 888.3 770.1 830
882.2 892.0 770.1 830
868.4 893.4 770.1 830
829.1 767.8 681.2 751
826.5 790.6 681.2 751
832.9 816.8 681.2 751
826.9 825.3 681.2 751
810.1 828.7 681.2 751
B806.2 672.6 ©596.8 688
765.6 723.9 596.8 688
790.3 768.2 596.8 688
796.3 781.9 596.8 688
782.8 787.8 596.8 688
1085.2 1156.1 9986.8 1061
1096.5 1156.4 996.8 1061
1097.3 1156.3 996.8 1061
1100.7 1156.1 996.8 1061
1101.8 1155.8 996.8 1061
1011.0 1055.0 904.6 967
1023.0 1058.6 804.6 967
1029.0 1063.1 904.6 967
1022.7 1064.6 904.6 967
1017.6 1065.0 904.6 967
946.9 956.0 813.8 880
953.8 9€67.2 813.8 880
958.9 981.7 813.8 880
856.4 986.5 813.8 880
942.7 988.4 813.8 880
894.9 860.5 725.8 804
888.7 886.6 725.8 804
898.6 916.2 725.8 804
906.1 925.9 725.8 B804
887.0 929.8 725.8 804
877.5 771.3 642.6 744
829.9 826.0 642.6 744
£64.2 872.4 642.6 744
872.5 886.8 642.6 744
859.8 893.1 642.6 744
1165.4 1280.6 1066.8 1135
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.75
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Grubbs Rand Eth CEP3

1195.2 1281.9 1066.8 1135.6
1203.5 1283.2 1066.8 1135.6
1202.6 1283.6 1066.8 1135.5
1209.5 1283.6 1066.8 1135.6
1097.1 1184.1 975.6 1045.0
1121.3 1190.2 975.6 1045.0
1134.6 1198.4 975.6 1045.0
1125.8 1201.1 975.6 1045.0
1125.6 1202.2 975.6 1045.0
1042.2 1090.5 886.4 962.2
1050.1 1105.9 886.4 962.2
1065.0 1125.4 886.4 962.2
1066.6 1132.0 886.4 962.2
1058.5 1134.6 886.4 962.2
990.6 1001.7 800.5 8%0.3
984.1 1033.1 800.5 890.3
1010.6 1067.9 800.5 890.3
1012.2 1079.2 800.5 890.3
1005.2 1083.9 800.5 890.3
977.5 920.2 720.6 834.5
929.6 980.3 720.6 834.5
976.3 1030.2 720.6 834.5
984.6 1045.7 720.6 834.5
972.3 1052.6 720.6 834.5
1272.3 1438.1 1166.7 1235.0
1308.4 1441.5 1166.7 1235.0
1333.2 1446.0 1166.7 1235.0
1338.8 1447.6 1166.7 1235.0
1339.4 1448.2 1166.7 1235.0
1213.4 1346.7 1077.6 1149.2
1244.1 1356.8 1077.6 1149.2
1258.6 1370.3 1077.6 1149.2
1264.5 1374.9 1077.6 1149.2
1264.1 1376.8 1077.6 1149.2
1154.8 1259.2 990.9 1071.5
1174.3 1280.2 9890.9 1071.5
1192.8 1306.4 990.9 1071.5
1194.3 1315.2 990.9 1071.5
1194.6 1318.8 990.9 1071.5
1110.5 1177.4 907.8 1004.9
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TP SS Bias Ell Corr Exact Grubbs Rand Eth CEP3
5 0.8 0.40 1848.6 1844.8 2199.4 1715.5 1749.4
5 0.8 0.70 1863.7 1829.8 2246.9 1715.5 1749.4
5 0.8 0.85 1868.9 1811.3 2262.9 1715.5 1749.4
5 0.8 1.00 1871.2 1810.8 2269.5 1715.5 1749.4
5 0.6 0.00 1776.8 1792.7 2092.5 1648.7 1694.5
5 0.6 0.40 1796.3 1801.4 2148.7 1648.7 1694.5
5 0.6 0.70 1826.2 1784.5 2209.3 1648.7 1694.5
5 0.6 0.85 1837.4 1750.8 2229.2 1648.7 1694.5
5 0.6 1.00 1841.8 1722.9 2237.6 1648.7 1694.5
5 0.4 0.00 1733.2 1749.6 2030.5 1588.9 1650.6
5 0.4 0.40 1755.4 1769.7 2109.9 1588.9 1650.6
5 0.4 0.70 1797.0 1778.9 2181.9 1588.9 1650.6
5 0.4 0.85 1814.3 1732.6 2204.9 1588.9 1650.6
5 0.4 1.00 1820.8 1648.9 2215.1 1588.9 1650.6
5 0.2 0.00 1707.1 1722.2 1975.6 1538.7 1620.5
5 0.2 0.40 1730.6 1756.8 2085.7 1538.7 1620.5
5 0.2 0.70 1778.3 1801.9 2165.4 1538.7 1620.5
5 0.2 0.85 1800.3 1770.0 2190.1 1538.7 1620.5
5 0.2 1.00 1808.1 1629.8 2202.1 1538.7 1620.5
7 1.0 0.00 1000.0 986.9 1034.0 915.2 1002.2
7 1.0 0.40 1002.0 977.3 1033.7 915.2 1002.2
7 1.0 0.70 1002.0 980.1 1032.3 915.2 1002.2
7 1.0 0.85 1002.0 976.1 1031.6 915.2 1002.2
7 1.0 1.00 1002.0 984.3 1031.1 915.2 1002.2
7 0.8 0.00 898.4 924.2 929.7 823.9 904.5
7 0.8 0.40 902.2 923.7 931.2 B823.9 904.5
7 0.8 0.70 905.3 915.1 932.6 823.9 904.5
7 0.8 0.85 906.3 905.0 932.9 823.9 904.5
7 0.8 1.00 906.7 897.5 932.8 823.9 904.5
7 0.6 0.00 793.1 854.2 825.3 733.1 813.9
7 0.6 0.40 805.1 856.0 833.7 733.1 813.9
7 0.6 0.70 818.8 850.9 844.1 733.1 813.9
7 0.6 0.85 823.4 839.3 847.6 733.1 813.9
7 0.6 1.00 825.0 821.1 848.8 733.1 813.9
7 0.4 0.00 686.3 787.4 722.5 647.0 733.5
7 0.4 0.40 714.,7 785.6 745.3 647.0 733.5
7 0.4 0.70 747.4 795.0 771.7 647.0 733.5
7 0.4 C.:5 TET.T 7TB6.5 780.3 647.0 733.5
7 . 162 761.3 T766.0 783.8 647.0 733.5
7 0 ¢ Dy 599.5 765.0 623.5 562.3 669.6
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Exact Grubbs Rand Eth
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.4 940.9 957.7 793
.2 941.1 972.9 793
.0 943.6 £78.0 793
.6 0927.4 980.0 793
.9 878.6 850.7 708
.6 872.0 878.0 708
.6 890.3 905.0 708
.7 895.4 919.1 708
.4 877.2 923.3 708
.7 871.3 760.9 627
.2 816.5 818.0 627
.8 855.2 866.3 627
.7 867.2 881.3 627
.3 859.0 888.0 627
.6 1141.6 1271.1 1035
.6 1170.5 1272.3 1035
.4 1185.3 1273.7 1035
.4 1194.8 1274.1 1035
.4 1188.7 1274.2 1035
.4 1085.7 1176.1 949
.7 1099.1 1182.4 949
.11110.7 1191.0 949
.7 1119.9 1194.0 949
.1 1118.6 1195.1 949
.2 1023.2 1083.7 864
.4 31033.9 1099.7 864
.3 1063.1 1120.2 864
.5 1060.8 1127.1 864
.0 1058.9 1130.0 864
.2 980.1 93%5.8 780
.1 968.9 1028.4 780
.8 1003.7 1064.5 780
.7 1012.8 1076.3 780
.5 1001.4 1081.3 780
.1 9874.9 914.5 7n3
.5 916.9 976.8 7v3
.5 972.9 1028.2 703
.3 986.0 1044.2 703
.0 977.7 1051.5 703
.4 1254.0 1431.0 1129
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TP SS Bias Ell Corr Exact Grubbs Rand Eth CEP3

612 10 0.75 0.6 0.40 957.4 1032.5 1097.5 B810.5 962.2
613 10 0.75 0.6 0.70 985.3 1048.8 1119.2 810.5 962.2
614 10 0.75 0.6 0.85 994.5 1061.6 1126.7 810.5 962.2
615 10 0.75 0.6 1.00 998.0 1058.7 1129.9 810.5 962.2
616 10 0.75 0.4 0.00 834.2 973.4 993.9 738.0 890.3
617 10 0.75 0.4 0.40 876.1 957.9 1027.8 738.0 890.3
618 10 0.75 0.4 0.70 926.8 1005.1 1065.1 738.0 890.3
619 10 0.75 0.4 0.85 942.7 1018.8 1077.5 738.0 890.3
620 10 0.75 0.4 1.00 948.5 1015.7 1082.9 738.0 890.3
€21 10 0.75 0.2 0.00 767.1 975.9 913.4 657.3 834.5
622 10 0.75 0.2 0.40 816.5 909.6 977.5 657.3 834.5
623 10 0.7% 0.2 0.70 888.5 970.2 1030.0 657.3 834.5
624 10 0.75 0.2 0.8 910.3 986.5 1046.4 657.3 834.5
625 10 0.75 0.2 1.00 $18.0 987.1 1054.1 657.3 834.5
626 10 1.00 1.0 0.00 12563.4 1247.4 1426.2 1057.8 1235.0
627 10 1.00 1.0 0.40 1255.3 1295.2 1430.3 1057.8 1235.0
628 10 1.00 1.0 0.70 1255.0 1324.2 1436.5 1057.8 1235.0
629 10 1.00 1.0 0.85 1254.9 1333.8 1438.7 1057.8 1235.0
630 10 1.00 1.0 1.00 1254.9 1340.9 1439.8 1057.8 1235.0
631 10 1.00 0.8 0.00 1152.2 1189.5 1338.3 982.8 1149.2
632 10 1.00 0.8 0.40 1164.6 1228.0 1349.6 982.8 1149.2
633 10 1.00 0.8 0.70 1178.5 1258.8 1365.2 982.8 1145.2
634 10 1.00 0.8 0.85 1183.4 1265.7 1370.8 982.8 1149.2
635 10 1.00 0.8 1.00 1185.3 1271.4 1373.2 982.8 1149.2
636 10 1.00 0.6 0.00 1051.7 1126.7 1253.9 908.2 1071.5
637 10 1.00 0.6 0.40 1079.7 1158.6 1276.7 908.2 1071.5
638 10 1.00 0.6 0.70 1113.9 1198.1 1305.3 908.2 1071.5
639 10 1.00 0.6 0.85 1125.2 1210.8 1315.2 908.2 1071.5
640 10 1.00 0.6 1.00 1129.4 1208.5 1319.4 908,2 1071.5
641 10 1.00 0.4 0.00 962.5 1088.9 1174.8 832.1 1004.9
642 10 1.00 0.4 0.40 1006.4 1085.2 1215.9 832.0 1004.9
643 10 1.00 0.4 0.70 1063.5 1149.3 1259.3 832.0 1004.9
644 10 1.00 0.4 0.85 1082.1 1166.3 1273.7 832.1 1004.9
645 10 1.00 0.4 1.00 1088.8 1167.8 1280.0 832.0 1004.9
646 10 1.00 0.2 0.00 909.0 1089.9 1102.5 749.7 954.2
647 10 1.00 0.2 0.40 954.2 1035.8 1173.5 749.7 954.2
648 10 1.00 0.2 0.70 1030.8 1115.3 1230.2 749.7 954.2
649 10 1.00 0.2 0.85 1055.5 1134.4 1247.9 749.7 954.2
650 10 1.00 0.2 1.00 1064.2 1144.9 1266.3 749.7 954.2
651 10 1.50 1.0 0.00 1550.8 1547.0 1806.9 1298.8 1495.5
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TP SS Bias Ell Corr Exact

—_——-— - -—-—- -

0.6 0.40 1079.7 1144.7 1275.2 880.1 1071.5
0.6 0.70 1113.9 1203.1 1304.4 880.1 1071.5
0.6 0.85 1125.2 1210.8 1314.8 880.1 1071.5
0.6 1.00 1129.4 1214.2 1319.3 880.1 1071.5
0.4 0.00 962.51084.2 1173.4 813.4 1004.9
0.4 0.40 1006.4 1068.2 1215.6 813.4 1004.9
0.4 0.70 1063.5 1150.6 1259.5 81i3.4 1004.9
0.4 0.85 1032.1 1163.4 1274.2 813.4 1004.9
0.4 1.00 1088.8 1168.2 1281.0 813.4 1004.9
0.2 0.00 909.0 1089.4 1101.9 740.0 954.2
0.2 0.40 954.2 1017.7 1173.9 740.0 9%54.2
0.2 0.70 1030.8 1111.4 1231.1 740.0 9t4.2
0.2 0.85 1055.5 1135.7 1249.0 740.0 854.2
0.2 1.00 1064.2 1144.8 1257.8 740.0 954.2
1.0 0.00 1550.8 1530.2 1803.2 1243.7 1485.5
1.0 0.40 1552.5 1621.0 1818.5 1243.7 1495.5
1.0 0.70 1552.0 1655.6 1839.3 1243.7 1495.5
1.0 0.85 1551.8 1667.1 1846.9 1243.7 1495.5
1.0 1.00 1551.8 1673.9 1850.2 1243.7 14985.5
0.8 0.00 1462.9 1464.0 1727.2 1182.3 1420.7
0.8 0.40 1477.4 1544.8 1752.6 1182.3 1420.7
0.8 0.70 1494.1 1585.1 1784.9 1182.3 1420.7
0.8 0.85 1499.8 1601.9 1796.5 1182.3 1420.7
0.8 1.00 1502.0 1604.7 1801.7 1182.3 1420.7
0.6 0.00 1383.2 1401.9 1655.6 1112.1 1354.6
0.6 0.40 1409.9 1472.2 1695.5 1112.1 1354.6
0.6 0.70 1446.0 1526.0 1740.6 1112.1 1354.6
0.6 0.85 1458.6 1544.1 1756.3 1112.1 1354.6
0.6 1.00 1463.3 1555.3 1763.4 1112.1 1354.6
0.4 0.00 1323.3 1349.9 1589.3 1042.5 1299.7
0.4 0.40 1355.1 1408.5 1649.8 1042.5 1299.7
0.4 0.70 1408.8 1482.9 1707.8 1042.5 1299.7
0.4 0.85 1428.3 1503.7 1726.8 1042.5 1299.7
0.4 1.00 1435.5 1505.2 1735.9 1042.5 1299.7
0.2 0.00 1288.5 1329.6 1529.4 959.5 1260.0
0.2 0.40 1319.5 1360.2 1619.7 959.5 1260.0
0.2 0.70 1384.3 1447.0 1687.8 859.5 1260.0
0.2 0.85 1409.6 1481.7 1709.0 9859.5 1260.0
0.2 1.00 1418.8 1492.3 1719.6 959.5 1260.0
1.0 0.00 1907.6 1882.8 2226.1 1560.4 1813.2
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Appendix F. Relative Errors

This Appendix lists the Relative Errors of the CEP estimates made by the
quick methods for the 875 test design points. The names of the four parameters and
the names of the CEP estimation methods for this experiment are abbreviated in

the table headings as follows:

Index

Test Point - TP

Parameters
Sample Size - SS
Bias - Bias
Elliptiaty - Ell
Correlation - Corr

Estimation Methods

Grubbs-Patnaik/chi-square method - Grubhs
Modified RAND-234 method - Rand
Ethridge method - Eth

CEP3 method - CEP3

TP SS Bias Ell Corr Grubbs Rand Eth CEP3
1 3 0.060 1.0 0.00 0.080 0.083 -0.031 0.002
2 3 0.00 1.0 0.40 0.074 0.081 =0.032 0.000
3 3 0.00 1.0 0.70 0.074 0.080 =-0.032 0.000
4 3 0.00 1.0 0.85 0.076 0.080 =-0.032 0.000
S 3 0.00 1.0 1.00 0.074 0.079 -0.032 0.000
6 3 0.00 0.8 0.00 0.100 0.085 -0.028 0.007
7 3 0.00 0.8 0.40 0.096 0.082 -0.032 0.008
8 3 0.00 0.8 0.70 0.086 0.080 -0.036 -0.001
9 3 0.00 0.8 0.85 0.084 0.079 =-0.037 -0.002

10 3 0.00 0.8 1.00 0.077 0.079 =-0.037 -0.002
11 3 0.00 0.6 0.00 0.141 0.096 -0.018 0.026
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TP SS Bias

- - - - - -

71
-
—

Corr Grubbs Rand Eth CEP3

292 5 1.00 0.4 0.40 0.102 0.208 =-0.088 -0.001
293 5 1.00 0.4 0.70 0.074 0.182 -0.146 -0.055
29¢ 5 1.00 0.4 0.8 0.060 0.174 -0.161 -0.071
295 5 1.00 0.4 1.00 0.047 0.172 -0.166 -0.077
296 5 1.00 0.2 0.00 0.205 0.214 -0.085 0.0%0
297 5 1.00 0.2 0.40 0,110 0.227 -0.128 0.000
298 5 1.00 0.2 0.70 0.079 0.189 =-0.193 -0.074
299 5 1.00 0.2 0.8 0.063 0.177 -0.212 -0.096
300 5 1.00 0.2 1.00 0.041 0.175 -0.218 =-0.103
301 5 1.50 1.0 0.00 0.004 0.170 =0.072 -0.036
302 5 1.0 1.0 0.40 0.035 0.176 =-0.073 =-0.037
303 5 1.0 1.0 0.70 0.045 0.188 -0.072 -0.036
304 5 1.50 1.0 0.85 0.050 0.192 -0.072 -0.036
305 5 1.50 1.0 1.00 0.049 0.193 -0.072 -0.036
306 5 1.50 0.8 0.C0 0.023 0.185 =-0.072 -0.029
307 5 1.50 0.8 0.40 0.039 0.188 -0.081 -0.038
208 S5 1.50 0.8 0.70 0.041 0.194 -0.091 -0.049
309 5 1.50 0.8 0.85 0.035 0.196 -0.095 =-0.083
350 5 1.50 0.8 1.00 0.033 0.197 -0.096 -0.054
311 5 1.50 0.6 0.00 0.049 0.198 -0.075 =-0.021
312 5 1.50 0.6 0.40 0.041 0.201 -0.093 -0.039
313 5 1.50 0.6 0.70 0.027 0.200 =-0.115 =-0.C63
314 5 1,50 0.6 0.8 0.019 0.200 -0.123 -0.071
315 5 1.50 0.6 1.00 0.007 0.200 -0.126 -0.074
316 5 1.50 0.4 0.060 0.059 0.199 -0.089 -0.018
317 5 1.50 0.4 0.40 0.044 0.213 -0.110 =-0.041
318 5 1.50 0.4 0.70 0.027 0.207 -0.144 -0.077
319 5 1.50 0.4 0.85 0.012 0.203 -0.156 =-0.090
320 5 1.50 0.4 1.00 -0.009 0.202 -0.160 =-0.095
321 5 1.50 0.2 0.00 0.073 0.183 =-0.114 -0.022
322 5 1.50 0.2 0.40 0.047 0.221 -0.135 -0.045
323 5 1.50 0.2 0.70 0.039 0.212 =-0.176 =-0.090
324 5 1.50 0.2 0.8 0.021 0.205 -0.190 -0.106
325 5 1.50 0.2 1.00 =-0.017 0.204 -0.196 -0.112
326 5 2.00 1.0 0.00 -0.008 0.171 -0.063 -0.049
327 5 2.00 1.0 0.40 0.005 0.184 -0.064 -0.050
328 5 2.00 1.0 0.70 -0.002 0.202 -0.064 -0.050
329 5 2.00 1.0 0.85 -0.005 0.208 -0.064 -0.050
330 5 2.00 1.0 1.00 0,004 0.211 =-0.064 -0.050
331 & 2.00 0.8 0.00 0.003 0.176 -0.066 =-0.047
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Appendix G. Comparative Summary

This Appendix summarizes how well the four CEP estimation methods did
compared to each other. The following pages list the test points and their associated
data characteristics. The four right hand columns list the first, second, third, and
fourth methods in the order of best to worst. Next to the name of the method, a
grade is given to indicate how well it did with respect to the magnitude of its relative

error. The abbreviations and grade range follow.

Test Pomt - TP
Parameters

Sample Size - §S

Bias - Bias

Ellipticity - Ell

Correlation - Corr

Lstimation Methods

Grubbs-Patnaik/chi-square method - GR
Modified RAND-231 methad - RA
Fihridge method - ET

CEP3 method - C3

Range of Grades

1

C
/

Grade A: 0.0% — 2.

(1}
~

Grade B: 2.5% — !
Grade C: 5.0% — 7.5%

Grade D: 7.5% — 10.0%
Grade E: 10.0% — 15.0%
Grade I': 15.0% — 20.0%

Grade G: 20.0% - 30.0%

<
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(64
’
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1.50 0.4 0.70 GB--B C3--D ET--E RA--G
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5
5

1.00 GB--A (C3--D ET--F BRA--G
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GB--A
GB--A
GB--A
GB--A
GB--A
GB--A
GB--A
GB--A
GB--A
GB--A
GB--A
GB--A
GB--B
GB--B
GB--A
GB--A
GB--A
GB--A
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C3--D
GB--C
C3--B
Cc3--D
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C3--E
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C3--C
C3--B
c3--C
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C3--C
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GB--A
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GB--B
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C3--B
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GB--B
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GB--B
RA--B
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C3--D

RA--B

C3--E
GB--E
GB--C
C3--C
C3-~-C
RA--C
RA--C
RA--C
RA--C
RA--C
RA--D
RA--D
RA--D
RA--D
RA--D
RA--E
RA--D
RA--D
RA--D
RA--D
RA--E
RA--E
RA--D
RA--D
RA--D
RA--E
RA--E
RA--E
RA--D
RA--D




TP

601
602
03
604
605
606
607
608
609
610
611
612
613
614
615
€16
617
£18
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640

SS

10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

Bias
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.75
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00

u—sp—-»-o-aun-ss-»—st-aHHHH.—-HOOOOOOOOOOOOOOOOOOOOOOOOO

El

1

C3--C

GB--D
GB--A
C3--A
C3--4
C3--A
C3--A
C3--A
C3--A
C3--B
C3--B
C3--B
C3--A
C3--A
C3--B
C3--B
C3--C

GB--C
GB--C
GB--C
ET--E
GB--D
GB--D
GB--D
GB--C
ET--E
GB--E
GB--D
GB--D
C3--D
C3--A
GB--B
GB--C
GB--C
GB--C
GB--B
GB--C
GB--C
GB--C
GB~--C
GB--C
GB--C
GB--D
GB--D
GB--C

- -

ET--G
ET--G
GB--G
RA--F
ET--G
ET--G
ET--G
ET--F
ET--F
ET--F
ET--F
ET--F
RA--F
RA--F
ET--F
ET--F
ET--F
RA--F
RA--F
ET--F
ET~-F
ET-~F



TP

641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680

Ss

10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

. . . . . . .. .

Ell

5 0 0 OO MIMNNNBELEDEDOIOINONNDNOD®®DOOOOONNNNND B,

Corr

HOOOOHOOOOHOOOO'—‘OOOOHOOOOHOOOOD—'OOOOHOOOO

.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.49
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00

C3--D
C3--E
C3--B
GB--B
GB-~C
GB--C
GB--C
C3--B
GB--B
GB--C
GB--C
GB--C
GB--A
GB--B
C3--C
C3--C
C3--C
GB--B
GB--B
C3--D
C3--D
C3--D
GB--B
C3--B
C3--D
C3--E
C3--E
C3--B
C3--C
C3--C
Cc3--C
C3--C

ET--G

RA--F
RA--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--G
RA=-G
RA--G
ET--F
ET--F
RA--G
RA--G
RA--G
RA--F
RA--G
RA--G
RA--G
RA--G
ET--E
ET--E
ET--E
ET--E
ET--E

RA--F

RA--F
RA--F
RA--F
RA--F
RA--G
RA--G
ET--G
ET--G
RA--G
RA--G
ET--G
ET--G
ET--G
ET--G
ET--G
ET--G
ET--G
ET--G
RA--F
RA--F
RA--G
RA--G
RA--G




TP

681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
€96
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720

S8

16
10
10
10
10
.0
10
10
10
10
10
10
10
10
10
10
10
10
10
10
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15

Bias
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00

OO0 0O 0000000000000 COONNNDNNDDNON NR RN RO NDDNDRNNDNNDR

Ell

OO OO O0O0OOO0OC OO0 O C OO R HKFH KH P OOO O OO C)f)fD 9 F)SD F)S) 9 F)f) 9 F)fD
:b:b:b @ b 6 6 6 5 bﬁ&b;ﬁ O 0 WO OO CORNRNNRNNDGD D DD DO O®®D om o o |

Corr
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00

-~ OO0 OO+ OO0 OO0 O0OFr OO0 00O HOOO0 O+ OO0O0 O+ O O OO0 » O O O O

GB--B
GB--B
GB--B
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--24
RA--A
Ca--A
C3--A
GB--A
RA--A
RA--B
RA--A
RA--A
RA--A
RA--A

RA--A

C3--A
C3--C
C3--B
C3--A
GB--A
GB--A

ET--G
ET--G
RA--F
RA--G
RA--G
RA--G
RA~-G
GB8--C
GB--B
GB--C
GB--B
GB--C
RA--A
RA--A
GB--A
GB--B
GB--B
GB--B
GB--B
RA--A
C3--4A
GB--B
GB--D
GB--C
GB--B
C3--B
C3--B

RA--G
RA--G
ET--G
ET--G
ET--G
ET--G
ET--C
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
=T=-=-F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--E
ET--F
ET--F
ET--G
ET--G




TP

721
722
723
724
725
726
727
728
729
730
731
732
723
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760

S8

15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
156
15
15
15
15
15
15
15
15
15
15
15
15

OO OO COO0OO0DOOOCO0O0O0OO0OO0OO0DDODO0OODO0DO0OO0OO0ODO0ODOO0O0OO0OO0OO0OO0O0O0O00O0O0OO0

Ell

CO0C 00O HMHLEERLRLOOOODODOOOOO0OO0O0O00O00OO0O0OKIKEKEKEOOOOO
D ODODDOOODODONMROVORNBENDDDDEDDDODDDMO®MEOO OO OO NN NN

L OO0 OO0 R O0O0DO0OO0OROOOORLROO0ODO0OO0ORHROODOOH OO0 OOOOHr OO0O0O0

C3--A
C3--A
C3--A
C3--B
C3--A
C3--A
C3--A
GB--A
RA--C
C3--B
C3--A
GB--B
GB--A
RA--B
C3--B
RA--B
RA--B
GB--B
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A

GB--A

GB--A
GB--A
GB--A
RA~-B
RA--B
GB--B
GB--A
C3--A
C3--C
RA--B
RA--B
C3--B
RA--B
C3--E
RA--C
C3--B
GB--B
RA--B
GB--B
GB--A
GB--A
GB--A
GB--A
GB--A
GB--B
GB--B
GB--A
GB--A

GB--B

RA--B
RA--B
GB--E
GB--C
GB--B
RA--B
C3--B
ET--E
GB--D
Gh--B
C¢3--C
C3--C
RA--C
RA--C
RA--C
RA--C
RA--C
RA--C
RA--C
RA--C
RA--C
RA--C

ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F
ET--F




TP

761
762
7€3
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
781
792
793
794
798
79¢€
797
798
799
800

SS

15
15
15
15
15
15
15
15
15
15
15
15
15
i5
15
15
15
15
15
18
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Ell

N O R R BRSPS DD DNDMDHOOOOONVNNRNNND D DD DEDRDODD O

Corr
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00

HOOOOHOOOOHOOOOHOOOOHOOOOHOOOO!—AOOOOI—‘OOOO

GB--B
C3--E
C3--B
C3--B
GB--C
GB--C
GB--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
C3--A
¢3--B
C3--A
C3--A
C3--B
C3--B
C3--C
C3--A
C3--B
c3--C
C3--C
C3--D
C3--A
c3--C
GB--D
GB--C

GB--E
GB--D
C3--D
C3--D

RA--E

RA--E
RA--E
RA--F
RA--E
RA--E
RA--E
RA--E
GB--F
RA--F
RA--E
RA--E
RA--E
RA--F
RA--F
RA--F
RA--E
RA--E




TP
801
802
803
804
805
806
807
808
809
810
811
812
313
814
815
816
817
818
819
820
821
822
823
824
825
826
B27
828
829
830
831
832
833
834
835
836
837
838
839
840

SS
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15

9q
FS

18
15
15
15
18
15
15
i5
15

1€

1

-

15
15
15
15

Bias
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.C0
.00
.00
.00
.00
.00
.00
.00
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50
.50

HPHHHHHHHHHHHHHHHHHHHP’HHHHHHHHHHHHHPHHHH

E1l

B DD DODDOOOODOORNRNRLRVRVLDEDDLEDBDONODDNDN®DODODN O OO OO

Corr
.00
.40
.70
.85
.00
.0C

.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00

—_— OO0 OO0 M OUVUOOFPE OO0 OMPr 3000 +HOO0O0ORE OO0 0O OO0 OO0+ OO OoOOo

¢3--C
GB--D
GB--D
GB--A
C3--B
C3--B
C3--B
C3--B
3B--A
C3-~R
C3--B
3--C
Cc3--C
GB--A
C3--B
GB--C
GB--C
GB---C

GB--C
GB--C
GB--C
GB--C
GB~-C
GB--D
GB~-D
GB--D
GB~-E
GB--C
GB--D
GB-~D
C3--D
ET--F
GB~--C
GB--D
C3--D
C3--E
C3--B
GB--B
GB--C
GB~-C
GB~--D
C3--B
GB--B
GB--C
GB--C
GB--C
C3--A
GB--B
C3--C
C3--C
C3--C

RA--F

ET--F
RA--F
RA--F
RA--F
RA--F
ET--F
ET--F
RA--F
RA--F
RA-~F
GB-~F
ET--G
RA--F
RA--F
RA--F
RA--F
WA--F
RA--F
RA--F
RA--F
RA--F
RA-~F
RA--F
RA--F
RA--C
ET--F
RA--G
RA--G
RA--G
RA--G

ET--G

ET--F
ET--F
ET-~F
E1--F
ET--F
ET--G
ET--G
ET--G
ET--G
RA~-F
ET--G
ET--G
ET--G
ET--G




TP

841
842
843
844
845
846
847
848
849
B850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
£68
869
870
871
872
873
874
8r5

ROR R A R ORI RO R R R R R R R AR RE R R R KRR N NN s e e e s

Ell

OO O O OO OO0 O OO0 OO0 D0 000 000 OO0

MO M N EDPREDR DN DOO N DOXDOO OO QCONKNNNN B DD D

O O O O O DO O

Corr
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.40
.70
.85
.00
.00
.4C
.70
.85
.00
.00
.40
.70
.65
.CO
.00
.40
.7G
.85
.00

_—O0 O C O+ 0000 OO0 RN OO0 0 R OO OO rr OO0O0O0OKr OO0 OO0

GB-~-B

GB--C
GB--C
GB--A
GB--B
GB--B
GB--B
GB--B
GB--A
GB--B
GB--B
GB--4
GB--A
GB--A
GB--A
GB--B
GB--A
GB--A
GB--A
GB--A
GB--B
GB--A
GB~-B
GB--A
GB--A
GB--B
GB--B8
GB--A

C3--C

c3--C
C3--B
c3--C
C3--C
c3--C
c3--C
C3--B
C3--C
c3--C
£3--D
c3--D
C5--B
C3--C
C3--D
C3--D
cre-n

C3--C
C3--D
C3--E
C3--E

23

RA--F

ET--F
ET--F
RA--F
RA--F
ET--F
ET--F
ET--G
RA--F
RA--F
RA--G
RA--G
RA--G
RA--F
RA--G
RA--G
RA--G
RA--G
RA--F
RA--G
RA--G
RA--G
RA--G




2

o

6.

iv's

11.

12,
13.

1.

Bibliography

. Berg, Major David H. Chicf, ICBM Support Branch. Personal Interview.

HQ SAC, Offutt AFB NE, 16 June through 18 June 1991.

Elder, Capt Richard L. An Eramnation of Circular Error Probable Approzi-
mation Technigucs. MS thesis, AFIT/GST/ENS/86M-G. School of Engineering,

Air Force Institute of Technology(AU), Wright-Patterson AFB OH, May 1986
(AD-A1103570).

. Ethridge, Major Ronald A. Robust FEstimation of Circular Error Proba-

ble for Small Samples. Student Report. Air Command and Staff College,
Maxwell AFB AL, 29 June 1983 (AD-B0745-0).

. Germond. H. . ~Integral of the Ganssian Distribution Over an Offset Ellipse.”

Report P-94. Publications Departinent, The RAND Corporation, Santa Mon-
ica CAL 27 January 1931

Grubbs, Frank E. *Approximate Circular and Noncircular Offset Probabilitics
of Hitting.” Operations Research. 12 (1): 31-62 (January-February 1964).
Harter, H. Leon. "Cirenlar Error Probabilities,” Journal of the American Sta-
fistical Association, 55 (292): 723-731 (December 1960).

. MathCAD by MathSoft Inc., One Kendall Square; Cambridge, MA 02139.

Menio for record. Subject: Development of CEP Formula. HQ SAC/0AOQC.
Offutt ATB NIE. 16 November 1961,

Mendenhall, William and others Mathematical Statistics with Applications.
Boston: PWS-KENT Publishing Comipany, 1990.

"Offset. Circle Probabilities.”™ Report R-234. Computer Sciences Department,
The RAND Corporation. Santa Monica CA, 14 March 1952,

Pritsker. A Alan B. Introduction to Simulation and SLAM II. New York: Hal-
sted Press, 1936,

SAS Institute Inc. Box 8000; SAS Circle; Cary. NC 27512-8000.

Simkins, L. 8 Correspondence, PM-4746. “Calculation of Circle of Equiproba-
bility for a Biased, Correlated, Bivariate, Normal Distribution.”™ Applied Physics
Laboratory, The Jolin Hopkins University, Siiver Spring MD, 26 March 1974.
Smith. C. C. Project Engineer. Minuteman Q. C. Data Base. Interoffice corre-

spondence, 82.T651.24-008. “Mecthods of CEP Calcvlation.” TRW Defeise and
Space Systems Group, Redondo Beach CA, 26 July 1982,

. Smith, C. C. Project Engineer, Minuteman Q. C. Data Base. Interofhice cor-

respondence, 84.H235.36-004. “CEP calculation Using Infinite Series.” TRW
Defense Systems Group, Redondo Beach CAL 31 March 1984,

BIB-1




6. Thompsen, Colonel Kenneth L. *Derivation of RAND-234 CEP Formula.” Bal-
lisiic Missile Fvaluation, HQ SAC, Offutt AFB NL, 17 March 1977.

BII3-2



Vita

Captain Peter Puhek was born on 18 January 1960 in San Diego, California. -

He graduated from Millard Preparatory School in Bandon, Oregon in 1979. He
attended the United States Air Force Academy and received Bachelor of Science
degrees in Management and Operations Research in June, 1983. After graduation,
he was assigned to Vandenberg AFB, CA where he worked as a business manager for
Vandenberg's Space Shuttle Site Activation Task Force. In 1987, he was transferred
to Edwards AFB, CA where he was a data analyst for the B-2 Advanced Technology
Bomber Combined Test Force. In August 1990, he entered the Graduate Operations

Research Program, School of Engineerng, Air Force Institute of Technology, Wright-
Patterson AFB, OH.

Permanent address: 5821 West 75th Street

Los Angeles, California
90045



Form Approved

REPORT DOCUMENTATION PAGE OMB8 No. 0704-0108

Oublic repon-~ 5 burder 10 thiy cCliection of 1r10rm 810N 1§ estitmpted tc average t our per *@1porse, including the time {0f reviewing instruclions, searching enisting date sources,
gathering ard maintairirg the dats needed, and cOMpleting snd revienng the (Cliection of information  Send comments reqarding this byrden estimate or any other sspect of this
CCIACUQR ST :A1/MBLCS -nCluding 3433e31:0N4 Ir reduairg thiy Durden 16 Washington Hegaquarters Services, Directorate for 1n10rmanion Operations and Reports, 1215 Jetferson
Dany Mighway, Suite 1224 Arhingtcn, vA 22202-4302, and (G the Otfice ot Manggement and Budget. Paperwork Reguction Project (0704-0188), washington, OC 20503.

1. AGENCY USE ONLY (Leave blank) 2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
March 1992 Master’s Thesis

4. TITLE AND SUBTITLE

A SENSITIVITY ANALYSIS OF CIRCULAR ERROR PROBABLE AP-
PROXIMATION TECHNIQUES

S. FUNDING NUMBERS

| 6. AUTHOR(S)
Peter Puhek, Captain, USAF

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)
Air Force Institute of Technology, WPAFB OH 45433-6583

8. PERFORMING ORGANIZATION
REPORT NUMBER

AFIT/GOR/ENS/92M-23

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADORESS(ES)

HQ SAC/XPSW
Offutt AFB, NE

10. SPONSORING / MONITORING
AGENCY REPORT NUMBER

11, SUPPLEMENTARY NOTES

123. DISTRIBUYION - AVAILABILITY STATEMENT
Approved for public release; distribution unlimited

12b. DISTRIBUTION CODE

13. ABSTRACT (Maximum 200 words)

Several algebraic CEP estimation models were examined in this study. Each assumes that the crossrange and
downrange miss distances of the sample data follow a bivariate normal distribution. The analysis determined
the sensitivities of these models to changes in the parameters of sample size, bias, correlation, and ellipticity.
The accuracy of cach model is expressed in terms of relative error, and the parameter regions in which a certain
method dominated as the most accurate were noted. In general, it was found that bias was the most significant
parameter in determining the best CEP method. A simple method, based on the Rayleigh distribution, domi-
nated as the best when bias was 0, .25, .5, .75, or 1, and the Grubbs-Patnaik/chi-square method dominated for
the bias setling of 2 regardless of the settings of the other parameters. Levels of bias greater than 2 were not
addressed.

14. SUBJECT TERMS
Statistics; Model;

17. SECURITY CLASSIFICATION
OF REPORT

Unclassified

18. SECURITY CLASSIFICATION
OF THIS PAGE

Unclassified

19. SECURITY CLASSIFICATION

OF ABSTRACT
Unclassified

15. NUMBER OF PAGES
181

16. PRICE CODE

P — S ————— S ———
20. LMITATION OF ABSTRACTY

UL

NSN 7840-01-280-5500

Standard form 298 (Rev 2-89)
Prescribed Dy ANSI St 23918
299102




GENERAL INSTRUCTIONS FOR COMPLETING SF 298

The feport Documentation Page (RDP) is used in announcing and cataloging reports. It is important
“that this information be consistent with the rest of the report, particularly the cover and title page.
Instructions for filling in each block of the forin follow. It is important to stay within the lines to meet

optical scanning requirements.

Block 1. Agency Use Only(Leaveblank)

Block 2. Report Date. Full publication date
including day, menth, and year, if available (e g. 1
Jan 88). Must cite atleast the year.

Block 3. Type of Report and Dates Covered.
State whether report 1s interim, final, etc. If
applicable, enterinclusive report dates (e.g. 10
Jun 87 - 30 Jun 88).

Block 8. Title and Subtitie A titleis taken from
the pari of the report that provides the most
meaningis’ anc completeinformation. Whena
reportis o’éparec nmore than one voiume,
repeat the primary title, add volume number, and
include subitie for the specific volume. On
class:fied cocurments enter the titieclass.fication
inparerireses.

Block S. fund.ng Numbers Toinclude contract
and grentnumbers; may include program
elemen:rumber(s), project number(s), task
numberys, and work unitrumbers). Use the
fo.iow nsiabels,

€ - Contaa PR - PFroject

G - G TA - Task

PE - F ug-arm WU - Work Unit
Eement Accession No.

Block €. 2. 2ol Namels) of personis)
respons e ‘o wr.i.ng thereport, performing
theresca-cn, or crec ted with the content of the
repor lfel.to’ crcomp-.er, thisshould foliow
the nameis;

Block 7. Pe-forr - o QOrganization Name(s) and
Addressies). Self-explanatory

Block 8. Perform.nq Organization Report
Numbe- trier the unique a'phanumericreport
numkterisi ess 0ed by theorganization
perform.ng the report.

Block §. Suomsor ~g’/Monitoring Agency Name(s)
and Acd-sigiey; Sef-expanatory

Block 10. Sponsoring/Monitoring Agency
Report N.mber. (If known)

Block 11. Supp'ementary Notes. Enter

informat on notincluded elsewhere such as:
Preparec .~ cooperationwith...; Trans of  ; Tobe
publishecin ... VWren areportisrevised, include
astatement whether the new report supersedes
or supplements the older report.

8lock 12a. Distribution/Availability Statement.
Denotes public availability or limitations. Cite any
availability to the public. Enter additional
limitations or special markings in all capitals (e.g.
NOFORN, REL, ITAR).

DOD - See DoDD 5230.24, "Distribution
Statements on Technical
Documents.”

DOE - Seeauthorities.

NASA - See Handbook NHB 2200.2.

NTIS - Leave blank.

Block 12b. Distribution Code.

DOD - Leave blank.

DOE - Enter DOE distribution categories
from the Standard Distribution for
Unclassified Scientific and Technical
Reports.

NASA - Leave blank.

NTIS - Leave blank.

Block 13. Abstract. Include a brief (Maximum
200 words) factual summary of the most
significantinformation contained in the report.

Block 14. Subject Terms Keywords or phrases
identifying major subjectsin the report,

Block 15. Number of Pages. Enter the total
number of pages.

Block 16. Price Code. Enter appropriate price
code (NTIS only).

Blocks 17.-19. Security Classifications. Self-
explanatory. Enter U.5. Security Classification in
accordance with U.S. Security Regulations (i.e.,
UNCLASSIFIED). If form containg classified
information, stamp classification on the top and
bottom of the page.

Block 20. Limitation of Abstract. This block must
be completed to assign a limitation to the
abstract. Enter either UL (unlimited) or SAR (same
as report). Anentryin this biock is necessary if
the abstractis to be limited. If blank, the abstract
is assumed to be unlimited.

#USGBPC L0273 1™

Standard Form 298 Back (Rev 2-89)



